Nets, Filters, and Convergence

A Thesis
Presented to
The Division of Mathematical and Natural Sciences
Reed College

In Partial Fulfillment
of the Requirements for the Degree
Bachelor of Arts

Nicholas Cecil

May 2021






Approved for the Division
(Mathematics)

Luda Korobenko






Table of Contents

Introduction] . . . . . . . . . . . . e 1
|[Chapter 1: Preliminaries: Nets and Filters| . . . . ... ... .......... 3
1.1 A Problem and I lution| . ... .. ... . ... .. .. 3
M2 Flters . . . o o o o e e e 5
M3 _Subnets . . . . ... 9
(1.4 Ultrafilters and Universal Nets| . . . .. . .. .. ... ... .. .... 12
(1.5 Functions, Nets,and Filters| . . . .. .. ... ... ... .. ...... 14
(1.6 Miscellaneous Results on Nets and Filters| . . . . ... ... ... ... 16

|ChaBter 2: Convergence SEaces .......................... 21

21 Convergence Structures| . .. ....................... 21

2.2 Relation to Topological Spaces|. . . . ... ................ 26
2.3 New Convergence Structures fromOId| . .. ... ........... 33
.31 Initial Convergence Structure| . . . .. .. ............ 33

2.3.2  Final Convergence Structure| . . . ... ... .......... 38

24  Separation AXIoms| . . .. ... 41
25 Compactness|. . . . ................ ... .. ... 44
2.6 Types of Convergence Spaces| . . . .. .. .. .............. 49
261 Modifications] . . . . ... ... 49

2.6.2  Topological Convergence Spaces| . . . . . ............ 51

.63  Pretopological Spaces| . ... ................... 53

.64 ChoquetSpaces|. . . ... ...... ... ... ... ... ..... 54

2.6.5 Tychonoff Modification| . .. ................... 60
|Chapter 3: Continuous Convergence| . . . .. .................. 67
B.I Remarks on Sets and Topological Spaces|. . . .. ... ......... 67
B.2  Continuous Convergence Structure]. . . . .. .............. 68
B.3  The Compact-Open Topology| . . . . .. ................. 77
B4 C-EmbeddedSpaces| . ................ ... ... ...... 80
B.5 C-Embedded Modification] . . . . . .. .................. 83
|Chapter 4: Convergence Vector Spaces| . . . ... ................ 87
41 Convergence Groups| . . . . . . ... ... 87

42 Convergence Vector Spaces| . . . ... ... ............... 91




4.3 Locally Convex Convergence Vector Spaces| . . . . .. ... ...... 108

4.4  Locally Convex Topological Modification| . . . ... .......... 112

45 DualSpaces| . .. ... ... . ... 122

4.6 Reflexivity| . . ... ... o o o 133
Conclusion|. . . ... ... ... ... ... ... 139
[Appendix A: Some Category Theory| . .. ... ... ... ... ... ..... 141
A1 What Are Categories?]. . . . . . . . v v v vt 141
A.2 Functors, Natural Transformations, and Equivalence of Categories| . 143
A3 Limitsand Colimits| . . . . . ... ... ... ... ... ... .. 147
A4 Adjunctions| . . . .. ... ... .. 152
|Appendix B: Net-Filter Equivalence and Convergence as Functor] . . . . . . 155
B.I Net-Filter Equivalence| . . ... ... ... ... .. .......... 155
B2 ConvergenceasFunctor] . . . ... .................... 156
B2T1 Continuity|. . . . ... ... ... 158
|Appendix C: Some Topological Results| . . . . ... ... ............ 159
C.1 Normal Spaces, Urysohn’s Lemma, and Partitions of Unity| . . . . . . 159
C.2 The Stone-Cech Compactification| . . . . . ... ............. 164
C.3 A Tietze-like ExtensionResultl . . . . .. ................. 167
|JAppendix D: Topological Vector Spaces|. . . . ... ............... 171
[D.1 Vector Space Preliminaries| . . . . .. ................... 171
[D.2 Topological Vector Spaces| . . . . ... .................. 174
[D.3 Locally ConvexSpaces| . . . . ... ... ... .. 176
D.4 The Hahn-Banach Theorem! . . . ... ... ... .. .......... 177




Abstract

This thesis is an introduction to the study of convergence spaces, a generalization
of topological spaces which replaces the primitive notion of open sets with a struc-
ture governing the convergence of filters.






Introduction

As one learns math, convergence is encountered in an increasingly general context.
Usually, convergence is first encountered in the setting of real, or possibly complex,
numbers and is a fairly intuitive idea: a sequence of real numbers converges to a
point when it is eventually close to that point no matter how strictly one interprets
“close.” This makes sense word for word in higher dimensions, and so one obtains
the notion of a sequence of points converging to another point in Euclidean R".

In fact, R" has vastly more structure than is needed for convergence - direction,
volume, an algebraic structure, etc. All one needs to formulate something like the
convergence seen in the real numbers is a distance notion, and so convergence
readily generalizes to any setting equipped with a way to measure distance, i.e. a
metric space.

In these spaces - R, C, R", and metric spaces - convergence is dictated by the ge-
ometric/topological structure of the space. That is, if one knew enough about the
topology on the space, one could answer any question about the convergence of
sequences. For instance, if one applies a continuous function to a converging se-
quence, the result is still a converging sequence. Significantly, the converse is also
true; if one knew enough about how sequences behaved in a space, one could
reconstruct any desired topological data. For instance, if a function always sends
converging sequences to converging sequences (and the limit of the input sequence
to the limit of the output sequence), then the function must be continuous.

One might next encounter convergence of sequences in a topological space, a set-
ting much more general than metric spaces. As before, the structure of a topo-
logical space informs the convergence of sequences, but here, the other direction
breaks down. In general, one cannot use sequences to detect all topological proper-
ties. However, all is not lost. One can combat the increased generality of topologi-
cal spaces by introducing a more general notion of sequence: either filters or nets.
These will be defined in Chapter [I| where it will be seen that one can define con-
vergence for nets and filters generalizing the convergence of sequences in a natural
manner. The convergence of these objects can then be used to detect topological
properties.

There is yet another facet to the story of sequential convergence. There are no-
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tions of convergence of sequences common in analysis, e.g. convergence almost
everywhere in a measure space, which cannot be determined by a notion of dis-
tance or topology.

This thesis is an introduction to the study of convergence spaces. Rather than place
a structure (e.g a distance notion or topology) on a set and allow that structure to
determine how sequences, nets, and filters converge, the idea of a convergence
space is to state directly what it means for filters to converge. The axioms gov-
erning theses spaces generalize the behavior of filters in topological space so that
all topological spaces will be convergence spaces. However, they will be general
enough to obtain non-topological modes of convergence.

Chapter (1] sets the stage by building up the necessary machinery of filters which is
then used throughout later chapters. However, it is the feeling of this author that it
is not immediate from the definition how filters generalize sequences; they appear
to be an entirely different sort of object. Thus, rather than begin by introducing
filters, nets are defined first. These objects are much more sequence-like at first
glance. From nets, one can then obtain filters as a sort of compactification of the
convergence related properties carried by nets. Indeed, it will be shown that filters
and nets are equivalent and interchangeable.

In Chapter 2, convergence spaces will be properly introduced along with a cor-
responding notion of continuous map. We will see that all topological spaces are
convergence spaces and that almost everywhere convergence can also be described
as a convergence space. Following this, basic constructions and properties involv-
ing convergence spaces will be discussed.

In topology, there is no canonical topology to place on spaces of continuous func-
tions. In Chapter[3} it will be shown that this is not the case for convergence spaces.
This chapter explores properties of this canonical convergence structure on func-
tion spaces.

Lastly, Chapter |4 discusses convergence vector spaces, the convergence analogue
to topological vector spaces. This chapter concludes with a discussion of dual
spaces and reflexivity.

In an effort to make this work more self contained, several appendices are in-
cluded. Appendices A and D addresses basic topics in category theory and topo-
logical vector spaces. Appendix C addresses several specific results from general
topology which are needed to establish results in the body of the thesis. Appendix
B formalizes the equivalence between nets and filters using category theory and
then shows how either can be used to define convergence spaces, results which are
interesting but somewhat tangential to the body of the text.



Chapter 1

Preliminaries: Nets and Filters

In this chapter, we introduce nets and filters and develop their basic properties
and constructions which will be used throughout the rest of the text. Most of the
results on filters may be found in Chapter 2.1 of [Pat14] and the results on net-filter
equivalence are inspired by the exposition in [Nar].

1.1 A Problem and Its Solution

The convergence of sequences plays an important role in analysis and topology.
In fact, the topological properties of metric spaces (continuity, compactness, open
and closed sets, etc.) are completely characterized by convergence of sequences.
However, this convergence does not fully characterize these topological properties
in general. Recall the following

Definition 1.1.1. If X is a topological space, (z,) a sequence in X, and = € X then
we say (x,) converges to x and write x, — x when for each U > z open we have
some N € Nsothatx, € U foralln > N.

Definition 1.1.2. A mapping of topological spaces f : X — Y is called sequentially
continuous when for all x € X and sequences z,, — = we have f(z,) = f(z)inY.

Definition 1.1.3. A mapping of topological spaces f : X — Y is called continuous
when for each open U C Y one has that f~!(U) is open in X.

It is well known that all continuous functions are sequentially continuous. How-
ever, the converse fails in general.

Example 1.1.4. Let X = R with the countable-complement topology, that is non-
empty U C R is open if and only if X \ U is finite or countably infinite, and
Y = R with the discrete topology (i.e. all sets are open). If (z,,) is a sequence in X
converging to a point z € X, then one can see that (z,,) must eventually be constant
with value z. Simply consider

U=X~{z,:neN A z, #z}
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which is an open neighborhood of z. Therefore, any function f : X — Y is se-
quentially continuous. However, since Y is discrete and X is not, there must be
functions f : X — Y which fail to be continuous.

More interesting is the fact that even fairly tame notions of sequential convergence
can fail to be topological.

Example 1.1.5. Give the interval [0, 1] its usual Lebesgue measure. Let
X ={f:[0,1] — [0,1] : fis measurable}.

Ordman shows in [Ord66] that there is not a topology on X so that if (f,) is a se-
quencein X and f € X then f, — f in the topology iff f,, — f almost everywhere.

The first problem, that continuity and sequential continuity are not equivalent and
more generally that the convergence of sequences does not characterize topological
properties, may be resolved by considering a generalized notion of sequences.

Definition 1.1.6. A directed set is a non-empty set I along with a relation < which
is reflexive, transitive, and such that for each i, j € I there exists k € I such that
i,j < k.

Definition 1.1.7. A net in a set X is a function o : I — X where [ is a directed set.
If i € I, we usually write «; for a(7). If a is a net, we write dom(«) for the directed
set which is the domain of «.

Since N with its usual order is a directed set, we see that sequences are merely nets
with domain N. Given this, there is a straightforward way to define the conver-
gence of nets in a topological space.

Definition 1.1.8. If a isanetinaset X and U C X, say that « is eventually in U and
write o €e, U when there is some iy € dom(«) so that for all i > iy we have «; € U.

Definition 1.1.9. If X is a topological space, & a netin X, and = € X, we say that o
converges to x and write « — x when for all neighborhoods U of x we have o €¢, U.

This is a clear generalization of Definition We may now obtain the following
results.

Proposition 1.1.10. Let X and Y be topological spaces. A function f : X — Y is
continuous if and only if for all x € X and all nets o — x we have f o o = f(a) — .

Proof. Suppose f : X — Y is continuous, x € X, and « is a net in X with o — =z.
Suppose U is a neighborhood of f(z). Since f is continuous, we have that f~!(U)
is a neighborhood of z. Since & — z, we have that o €., f~*(U). It is then clear
that f(a) €ey f(f71(U)) C U. Thus, we have that f(a) — f(x) as desired.

Now, suppose that for all € X and all nets « — = we have foa = f(a) = f(x).
Suppose = € X and U is a neighborhood of f(z). Define

N, ={V C X : V is a neighborhood of x}.
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One may check that when this set is ordered by reverse inclusion of sets it becomes
a directed set. Next, define I = {(z,V) : z € V € N,} made into a directed set
by considering the ordering on the second coordinate inherited from N,. Finally,
define the net o : I — X by a(z,V) = z for all (2,V)) € I. Note that if W is a
neighborhood of = we may pick z € W and see that for all (2, W') > (2, W), we
have 2/ € W' C W so that a(2', W) € W. We have that o €., W. Therefore,
a — z. It follows that f(a) — f(z). We then have that f(a) €ey U. From this,
« €ey f7HU). We may then find some neighborhood W of z and some z € W so
that for all (z/,W’) € I with W/ C W we have 2z’ € f~'(U). From this, we have
that W C f~1(U) and f~'(U) a neighborhood of z. Therefore, f is continuous as
desired. QED

Moreover this result is in no way special. As will be seen, all topological properties
are described by convergence of nets in ways analogous to how sequences describe
these properties in metric spaces. However, simply swapping nets for sequences
cannot fix the issue raised by Example that some notions of convergence are
fundamentally not topological.

Nets do offer a way to resolve this issue. In principal, we will replace the axioms
of topological spaces with axioms describing net convergence. Then, topological
definitions (of continuity, compactness, etc.) can be defined in such a “convergence
space” via their net characterizations from topology. As will be seen, the thereby
obtained notion of convergence space will contain the notion of topological spaces
but also spaces allowing other notions of convergence, e.g. the almost everywhere

convergence of Example

However, there is a slight obstruction to this program. The collection of nets in
a non-empty set is not itself a set. To see this, pick a non-empty set X and suppose
there is a set IV of nets in X. One can then consider the set dom(N) of directed sets
appearing as domains of nets in N. But as any set can be made into a directed set,
and any directed set can be mapped to X by the constant net at some point, one
sees that dom(/V) contains all sets. This is impossible.

A way to bypass this obstruction arises from the following observation. As far
as convergence is concerned, the vast universe of nets is often redundant. For
instance, there is no need to distinguish between constant nets with different do-
mains or between eventually constant nets and constant nets. This suggests that it
is possible to shrink the class of nets into a well behaved set by identifying together
those nets with the same convergence properties. The next section will implement
the technical details of this plan.

1.2 Filters

The proof of Proposition [1.1.10|introduces an important object
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Definition 1.2.1. If X is a topological space and = € X, we define
N, ={U C X : U is a neighborhood of x}

which is called the neighborhood filter at x. Note that we do not require neighbor-
hoods to be open.

Indeed, this object controls the convergence of nets in topological spaces.

Definition 1.2.2. If X is a set and « a net in X, define the eventuality filter of a by
E(a)={UC X :a€&, U}

Proposition 1.2.3. If X is a topological space and o a net in X, then for all x € X we
have o — x if and only if E(a)) 2 N,.

Proof. Suppose o — z. If U € N, then U contains an open set V' containing x.
Then a €., V so a € U and U € N,. On the other hand, if £(a) 2 N, then
a €y U for every open set containing = and o — z as desired. QED

The eventuality filter of a net and the neighborhood filter of a point are merely
instances of a seemingly more general construction.

Notation 1.2.4. If X is a set, we write P(X) for the powerset of X

Definition 1.2.5. If X is a set, a collection F C P(X) is called a filter on X when
1. X € Fbut ¢ F;
2. ifFe Fand X DG D FthenG € F;
3. if G € Fthen FNG € F.

The set of filters on X will be denoted ¢(X).

With this definition, it is not hard to verify that the eventuality filter of a net and
the neighborhood filter of a point are filters. Beyond this, however, it may not be
clear what a filter is, aside from this formal definition. We give some examples of
filters.

Example 1.2.6. If X is an infinite set,
F ={F C X : X \ Fisfinite}

is called the Frechét filter on X.
Example 1.2.7. If (X, ¥, 1) is a measure space with u(X) = 1, then

F={FCX:3dF € Xsuchthat ' C F A p(F') =1}

is a filter on X.
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Proposition 1.2.8. Suppose X is a set and B is a collection of subsets of X so that for all
By, ..., B, € Bwe have (\_, B; # 0, then

B] = {F C X :3dBy,...,B, € Bsuch that F D ﬂBn}
i=1

is a filter on X. This is called the filter generated by . One calls B the base of [B].

Proof. Certainly X € [B] and ) ¢ [B] since for all By, ..., B, € Bwe have )., B, #
0. f X O G O F and F € [B], there is finite B C Bwith G O F D (B so
that G € [B]. Lastly, suppose F,G € [B]. There are then finite B',8" C B so
that #/ O (B and G D (B”. We then have that F NG D ((B'U B”) so that
FNG e [B]. QED

Remark 1.2.9. If B is closed under finite intersections, then
Bl ={F C X :3B € B(F 2 B)}.

Notation 1.2.10. If B C X, we write [B] for [{ B}], and if B = {z} we write [z] for
[B]. A filter of the form [z] is called a point filter.

Despite these examples which seem far removed from nets, any filter on a set may
be realized as the eventuality filter of some net.

Proposition 1.2.11. If X is a set and F a filter on X, then there exists a net n(F) on X
so that the eventuality filter of n(F) is F.

Proof. Define
I={(z,F)e X xF:xeF}

which we make into a directed set by reverse inclusion on the second coordinate.
We then create the net n(F) : I — X by n(F)(z, F) = x. One may then verify that
En(F)) =F. QED

If F is a filter on X, we call the net constructed in the proof of Proposition
the derived net of 7. The construction of the derived net is not particularly signif-
icant (though it is helpful to have a canonical definition); what matters is that the
eventuality filter of the derived net of 7 is F. To justify this, note the following
result.

Proposition 1.2.12. If X is a topological space, x € X, and «, 3 are nets in X with
E(a) = E(P) then a — x if and only if  — .

Proof. Suppose @ — x. Then £(o) D N,. So E(B) D Nyand f — z. If B — z, an
identical argument suffices to finish the proof. QED

Thus, since we care about nets because of their convergence properties, we are en-
tirely justified in neglecting to differentiate between nets with the same eventuality
filter. We formalize this.
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Definition 1.2.13. If o« and /3 are nets in a set, we say that o and /3 are equivalent and
write o ~ J when £(a) = £(5).

So far, we have a way to turn any net into a filter and any filter into a net. A natural
question is whether this gives a one-to-one correspondence. Once one applies the
above notion of equivalence, the answer is yes.

Theorem 1.2.14. Fix a set X. Suppose o and (3 are nets in X and F, G are filters on X.
L En(F)) = F;
2. n(€(a)) ~ a.

Proof. (1) This is merely Proposition|1.2.11

(2) By (1) we have that £(n(£(«))) = £(a) so that n(€(a)) ~ a by definition. QED

Corollary 1.2.15. If X is a set and F,G are filters on X, then F = G if and only if
n(F) = n(9).

Morally, this means that nets and filters “are the same thing” for the purpose of
convergence, an equivalence which is made even more precise in Appendix
Alternatively, one could think of filters as equivalence classes of nets modulo the
equivalence of nets given above.

In light of the equivalence between nets and filters, one can use the convergence of
nets in a topological space to define the convergence of filters.

Definition 1.2.16. If X is a topological space, v € X, and F is a filter on X, say that
F converges to  and write ¥ — = when 7(F) — x. By Proposition we have
that 7 — z if and only if 7 D N,.

The concept of a filter converging, along with the equivalence between nets and
filters, bypasses the problems discussed at the end of Section The class of nets
in a set may not be a set, but convergence only distinguishes between nets up to
their eventuality filter, and the collection of filters is a set. Thus, instead of defin-
ing convergence spaces by imposing axioms governing net convergence, we will
instead place conditions on the convergence of filters.

This section ends with a result on eventually constant nets.

Proposition 1.2.17. If X is a set and o is a net in X which eventually has value x, then
E(a) = [z] and n([z]) ~ a.

Proof. We prove £(a) = [z] first. Certainly if z € FF C X, then a &, F. Thus
E(a) D [z]. Further, if o €¢, F C X, then it must be that x € F. Thus £(a) C [z]
and £(«a) = [z] as desired.

We then have by Theorem|[1.2.14

a~n(€(a)) = n([z])
as desired. QED
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Proposition 1.2.18. If X is a topological space with x € X, then [x] — x.

Proof. This follows immediately from the fact that n([z]) is equivalent to a constant
net at x. QED

1.3 Subnets

Recall that a metric space is compact if and only if every sequence has a converging
subsequence. If there is any hope of extending this result to nets, one must have a
notion of subnet. A problem arises in that there are multiple definitions of subnet.
The terminology and results on subnets here is largely taken from [Sch97].

Definition 1.3.1. Suppose X is a set and « and /3 are nets in X, then

1. B is a subnet in the sense of Aarnes and Andenaes or simply an AA subnet of o
when one of the following equivalent conditions holds

(a) Forall U C X with a €.y U one has €., U;
(b) £(8) 2 &(a).

2. [ is a Kelley subnet of « when there exists f : dom(f) — dom(«) so that
(@) f=aof;

(b) fis strongly final, that is for every a € dom(«), there exists by € dom(f)
so that f(b) > a whenever b > by;

3. (s a Willard subnet of a when there exists f : dom  — dom « so that

(@ B=aof;

(b) f is monotone, that is for every a,b € dom(f) with a > b there holds
fla) = f(b);

(c) fis final, that is for every a € dom(«), there exists by € dom(f) so that
f(bo) > a.

The term subnet will always refer to AA subnet unless otherwise qualified.

The following summarizes the dependencies of these definition:
{ Willard } c {Kelley } c { AA }

It is easy to verify the above containments. They follow immediately from the def-

initions. The following examples from [Sch97] show that the these containments

are proper.

Example 1.3.2. The net - aka sequence - (2, 1,4, 3,6, 5, ...) isa Kelley subnet of (1,2, 3,4, 5,6, ...).
However, it is not a Willard subnet.
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Example 1.3.3. The net - aka sequence - (0, 5,6, 7,8, ...) isan AA subnetof (1,5,6,7,8, ...).
However, it is not a Kelley subnet.

One should also note that none of the above notions of subnet are equivalent to
subsequences when the directed set is N. For instance (1,1,2,2,2,...) is a Willard
subnet of (1,2,2,2,2,...) but not a subsequence in the traditional sense.

Theorem 1.3.4. Fix aset X. If o, B are nets in X and F, G are filters on X, then G O F
if and only if n(G) is a subnet of n(F).

Proof. Suppose G 2 F. We then have by Theorem [1.2.14
EM(G)) =G 2 F = EMn(F))

so that 77(G) is a subnet of (F) by definition.

If n(G) is a subnet of n(F), then again by Theorem [1.2.14| and definition of sub-

net

G=EmG) 2Em(F)) =F
as desired. QED
When F,G € ®(X) and G D F one says that G extends F.

The above result morally states that subnets and filter extensions are equivalent
and is a key reason why AA subnets are taken here as the correct notion of subnet.
However, those who prefer Willard subnets may be consoled by the corollary to
the following result.

Lemma 1.3.5. Suppose X is a set and o, 3, and ~y are nets. The following are equivalent.
1. FNGNH#0forall F € E(a)and G € £(B) and H € E(v).
2 M={MDODFNGNH:Fe&la) N Ge&EB) N He&(y)}isa filteron X.
3. There exists a filter G O E(a), E(B), E().
4. There exists a net n which is a subnet of o, 3, .

5. There exists a Willard subnet w of «, 3,y such that whenever ¢ is an AA subnet of
a, B,y with w an AA subnet of ¢, we have w ~ (.

Proof. (1) = (2) = (3) = (4) = (1) is clear. Further, (5) = (4)is
immediate. It is left to show that (1) - (4) imply (5).

Assume (1) - (4). Foreacha € Aand b € B and ¢ € C, define

Tope={a(d):d >a}n{BH): 0 >b}N{y(): > c}.
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Condition (1) tells us each T}, . is non-empty. Let
Q={(a,b,c) e Ax BxC:aa)=p(b) =v(c)}

be a directed set with the product order. The fact that each tail 7} . is non-empty
implies that € is cofinal in A x B x C; thatis, for eacht € A x B x C thereis s € ()
with ¢ < s. It follows that the projections from €2 to A, B, C' are final. Certainly,
they are monotone. We define w : Q@ — X by w(a,b,c) = a(a) = B(b) = v(c). Itis
then clear that w is a Willard subnet of «, 53, 7.

We next claim that £(w) = M. It is clear that £(w) O M since M is the mini-
mal filter extending £(«), £(5), E(7y). Further, suppose w €., U C X. We have
some (a,b,c) € Q so that forall (¢/,V', ) > (a,b, c) we have w(d', ', ') € U. But this
isU 2 Ty Since Ty . € M, we have U € M. Thus, M = £(w).

Further, suppose ¢ is a subnet of a, 3,7 and w is a subnet of (. Then £(() D
E(a),E(v),E(B). But M = &(w) is the minimal filter with this property, so £(¢) 2
&(w) and ( is a subnet of w. Thus, w ~ (. QED

Remark 1.3.6. Observe that the above lemma can be adapted to any finite number
of nets.

Corollary 1.3.7. Suppose o is a net in a set X and [ is a subnet of . There exists a
Willard subnet 3’ of a which is equivalent to [3.

Proof. We apply the previous lemma to « and /5. Clearly «, 5 has subnet 3. There
is thus a Willard subnet 5’ of «, 8 so that whenever ( is another subnet of «, § with
B’ a subnet of (, we have 5 ~ (. Let ( = 8. We have that 5’ ~ . QED

Thus, whenever a subnet is produced, one may (up to equivalence) choose that
subnet to be Willard.

Subnets and filter extensions interact with convergence in topological spaces ex-
actly as desired.

Proposition 1.3.8. Suppose X is a topological space with x € X and that o and F are
respectively a net and filter in X converging to x.

1. If G € ®(X) extends F, then G — .
2. If B is a subnet of o, then f — .

Proof. (1) By Proposition we have since 7 — z that 7 D N,. Since G O F, we
have that G D N,, and again by Proposition that G — =.

(2) Since @« — z, we have that £(a) — z. By definition of subnet, we have that
E(B) 2 E(a). By (1), we have that £(3) — x. Thus, n(E£(8)) — z. Since n(E(B)) ~ B,
we have by Proposition|1.2.12|that 8 — =. QED
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Notation 1.3.9. As with sequences, it is often the case that when a net is not even-
tually within a set, it is desirable to take a subnet always outside of the set. The
method for doing this is clear: simply restrict the net to a properly chosen cofinal
subset of the domain. We end this section with a filter analogue of this process.
Suppose F is a filter on a set X and A C X is such that AN F' # () for each F € F.
We may then construct the filter on X

FNA=[{FNA:FeF)

sothat FN A D Fand A € F N A. Sometimes, we also wish to consider this as a
filter on A. Thus, we define |4 € ®(A) by

Fla={FNACA:FeF}

As subsets of X, the filter F|, is a filter base for F N A in X. Thus, we write
[F|a] = F N A. If the set is not clear, we may also write [F|4]x for F N A.

1.4 Ultrafilters and Universal Nets

Lemma 1.4.1. Fix a set X and a filter U on X. The following are equivalent:
1. U is maximal under containment, that is for all F € ®(X) if F D U then F = U;
2. Forall AC Xeither AcUor X ~AclU.

Proof. Suppose U is maximal under containment. Suppose A C X. Consider
B={ANU:UeU}.

If B> () then thereis U € U with U C X \ A. Thus, X \ A € U by definition of
filter. Otherwise, we may have a filter [B] € ®(X). If U € U, then ANU € B and
ANU CUsothat U € [B]. Therefore we have [B] 2 U and [B] = U by maximality.
Butthen X e/ and A = AN X € U. So, as desired, either A c Uy or X ~ A c U.

Now, suppose that for all A C X either A € U or X \ A € U. Suppose F € ®(X)
and F O U. Suppose ' € F. Since X \ F' ¢ U, as otherwise X \ F' € F and
) = FN (X \ F) € F which is impossible, we have F' € Y. Therefore, Y O F and
Uu==r. QED

Definition 1.4.2. Any filter satisfying either of the equivalent conditions of Lemma([I.4.1]
is called an ultrafilter.

Corollary 1.4.3. If U is an ultrafilter on a set X and
U,uU; eld

then Uy e U or Uy € U.
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Proof. If Uy ¢ U, then X \ U; € U. We then have U, O (U; UUs) N (X \U;) € U so
that U, € U as desired. QED

Unsurprisingly, there is a parallel notion for nets.

Definition 1.4.4. A net is called universal when it is equivalent to each of its sub-
nets.

Theorem 1.4.5. Suppose X is a set, w is a net in X, and U a filter on X.
1. wis universal if and only if £(w) is an ultrafilter.
2. U is an ultrafilter if and only if n(U) is universal.

Proof. (1) Suppose w is universal. Let 7 2 &(w). We then have by Theorem [1.3.4]
that n(F) is a subnet of w since w is universal. This means that

and & (w) is an ultrafilter.

Next, suppose £(w) is an ultrafilter. Suppose « is a subnet of w. Then we have
E(a) D &(w) by Theorem and &(a) = £(w) by definition of ultrafilter. We then
have that & ~ w and w is universal by definition.

(2) Suppose U is an ultrafilter. Then since 4 = E£(n(U)) we have n(U) is an ul-
trafilter by (1). On the other hand, if (l/) is universal, then by (1) we have that
U = E(n(U)) is universal. QED

An entirely reasonable question is whether ultrafilters /universal nets exist.
Example 1.4.6. If X is a set and = € X, then [z] is an ultrafilter on X.

However, for less trivial examples one must rely on the following result.

Theorem 1.4.7 (Ultrafilter Lemma). If F is a filter on a set X, there exists an ultrafilter
Uon X withtd O F.

Proof. Define
P={Gec®(X):G2F}

which is non-empty since 7 € P. Consider P as a poset under set containment.
Let C C P be a chain. It is easy to check that | JC is an upper bound for C in P. By
Zorn’s Lemma, we have that P has a maximal element. This is exactly an ultrafilter
extension of F. QED

Corollary 1.4.8. Every net has a universal subnet.

Corollary 1.4.9. There exist ultra filters which are not point filters.
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Proof. Let X be any infinite set and F be the Frechét filter on X,
F ={F C X : X \ Fis finite}.

By the Ultrafilter Lemma, there is an ultrafilter &/ © F. Since for each z € X one
has X \ {z} € F so that {z} cannot be in /. QED

As it turns out, the Ultrafilter Lemma, while strictly weaker than the Axiom of
Choice, is not provable from ZF alone, nor ZF along with Dependent Choiceﬂ As
a consequence, it is not possible to produce explicit examples of ultrafilters which
are not generated by a singe point.

1.5 Functions, Nets, and Filters

Notation 1.5.1. If e isanetin X and f : X — Y is a mapping of sets, we write f(«)
for thenet foainY.

Proposition 1.5.2. If F is a filter on X and f : X — Y is a function, then the image
filter

fF)={f(F)CY : FeF}
is a filteron Y.

Proof. By Proposition we need only check for each I, ..., F,, € F that

() f(F)#0
=1
Indeed, this follows as
GE f(ﬂ&)
i=1 =1
and (_, F,, # 0 since F is a filter. QED

Corollary 1.5.3. If F is a filter on X and f : X — Y is a function, then G € f(F) if and
only if there is F' € F with G 2 f(F).

Proposition 1.5.4. Let X be a set. If ais a net in X and F a filter on X, then
L f(&(a)) = E(f(a));
2. f(F)) ~ n(f(F))-

!See the discussion in chapter 14 of [Sch97] as well as [PS77]
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Proof. (1) Suppose G € f(E(a)). There is then F € £(a) with G 2 f(F). Since
a Eev F, we have f(a) €.y G and so G € E(f(«)). Likewise, if G € £(f(«)), then
f(a) Eey G. Then a €.y f71(G). Tt follows that f~1(G) € E(a) so G 2 f(fH(Q)) €
f(E(a)) and G € f(E(a)). Thus, f(E(a)) = E(f(a)) as desired.

(2) Observe that
AFF) = n(FEQF)) (by Theorem [[2T4)
=n(&(f(n(F)))) (by (1))
- J0) (by Theorem [[213)
as desired. QED

Corollary 1.5.5. Suppose o and [ are nets inaset X and f : X — Y. If a ~ [ then
fle) ~ f(B).

Proof. This follows as

QED

Corollary 1.5.6. If f : X — Y and g : Y — Z are set mappings and F is a filter on X,
then g(f(F)) = (g © f)(F).

Proof. We observe that

as desired. QED

Proposition 1.5.7. If U is an ultrafilter on a set X and f : X — Y is a set mapping, then
f(U) is an ultrafilter.

Proof. Suppose A C Y. Either f~*(A) e U or X \ f~1(A) e U. If f~(A) € U, then
AD f(fY(A)) € fU) so A € f(U). Otherwise, an identical argument shows that
Y < A€ fU). QED

Corollary 1.5.8. If w is a universal net in aset X and f : X — Y is a set mapping, then
f(w) is universal.
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Proposition 1.5.9. If f : X — Y is a set mapping, F a filter on X and G a filter on Y
with G O f(F), then

@) =[{f1(G): G eg]]
isafilterand f(f~1(G)) 2 G.

Proof. We first show that f~'(/) is a filter. It suffices to show that if U € U then
S7HU) # 0. Let U € U. Since X € F, we have f(X) € f(F) so that f(X) € U.
Therefore, U N f(X) # 0 and f~1(U) # 0.

We now show the desired containment. Let G € G and f~'(G) € f~1(G). Since
F(F749) 2 f(f71G)) C G,wehave G € f(f71(G)) as desired. QED

1.6 Miscellaneous Results on Nets and Filters

This section contains an array of results on filters and nets which will be helpful in
future chapters.

Proposition 1.6.1. If F, G are filters on a set X, then F N G is a filter on X.

Proof. X € F,Gso X € FNG. Since () ¢ F,G we may be assured that ) ¢ F N G.
Suppose Fe FNGand X DGO F.ThenG e Fand G € G,s0G € FNQG.

Suppose G, F' € FNG. Then FNG € F,G,so FNG € FNG. By definition,
F NG isafilter on X. QED

Corollary 1.6.2. Arbitrary intersections of filters are filters.

Proposition 1.6.3. If X is a topological space with x € X with filters F,G — x, then
FNG —x.

Proof. Since F,G — x, we have that 7,G D N,. Then of course F NG O N,. Thus,
FNG—x. QED

Proposition 1.6.4. Suppose F,G are filters on a set X. If an ultrafilter U O F N G then
UForld D4G.

Proof. LetUd © F N G be an ultrafilter. Suppose Y 2 F,G. We then find F' € F ~\ U
and G € G~U. It follows that FUG € FNG and FUG € U. Further, X\ F, X~G € U
since U is an ultrafilter. But then (X \ F)N (X \ G) € U and

XN (XNF)N(XNG)=FuG¢U.

This is a contradiction. Thus, Y O F or U4 O G as desired. QED
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Definition 1.6.5. If {a; : s € S} is a collection of nets in a set X, define
A . =n(() E(e)
ses s€s

Call this net the intertwining of the a,. If {a;, : s € S} = {o, a9, ..., o, } write
ar Nag A Aoy for A\ g o

The following results on the intertwining of nets are formulated for two nets, but
extend to arbitrarily many nets.

Lemma 1.6.6. If o, 3 are nets in a set X, then E(a A B) = E(a) N E(B).
Proof. This follows from the definition of intertwining and Theorem [1.2.14, QED
This intertwining of nets satistfies the following universal property.

Proposition 1.6.7. If o and [ are nets in a set X, then a and 3 are subnets of a A 3 and
for any net ¢ having o and [ as subnets, o A\ (3 is a subnet of ¢.

Proof. Since
E(a),E(F) 2 E(a)NE(B) = E(an p)

we have that « and [ are subnets of a A 5. If ( is a net in X which contains o and
§ as subnets, then we have £(a),E(5) 2 £(() sothat E(a) NE(B) D E(¢) and e A B
is a subnet of (. QED

Example 1.6.8. If o, 5 : N — X are sequences and we define v : N — X by

_Ja(k) n=2k
W(n)_{ﬁ(ls) n=2k+1

theny ~ a A S.

Proposition 1.6.9. If 7, G are filters on a set X and f : X — Y is a mapping of sets, then
F(FNG) = f(F)N fG).

Proof. Suppose H € f(F N G). There is then H' € F NG so that H O f(H’). Since
H' € F, we have f(H') € f(F). Likewise, f(H') € f(G). Therefore, f(H') €
f(F)N f(G)and H € FNG. We then have f(FNG) C f(F)N f(G).

On the other hand, suppose H € f(F) N f(G). Wemay find F € Fand G € G
so that H D f(F), f(G). We the have that FUG € FNGand H O f(FUH).
Therefore, H € FNGand f(FNG) 2D f(F)N f(G)sothat f(FNG) = f(F)N f(9)
as desired. QED

Corollary 1.6.10. If a and (3 are nets ina set X and f : X — Y is a mapping of sets, then
flanp)~ fla) Af(B).
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Proof. We compute

flanp)=fn(Ea)NERB)))
~n(f(E(e) NE(B)))
=n(f(E(a)) N FEB)))
=n(E(f(a))NE(f(B)))
= fla) A f(B),
which is the desired result. QED

Proposition 1.6.11. If X and Y are sets and F,G are filters on X and Y respectively,
then

FxG=[{FxG:Fe€FandG € G}
is a filter on X x Y. This is called the product filter of F and G.
Proof. It is clear that the conditions of Proposition are satisfied. QED

Corollary 1.6.12. If X and Y are sets and F, G are filters on X and Y respectively, then
H € F x G ifand only if there exist F € F and G € Gso that H O F x G.

Proof. This follows from the fact that if A;, 4> C X and By, B, C Y then
(Al X Bl) N <A2 X BQ) = (Al N AQ) X (B1 N BQ)
and the remark following Proposition [1.2.8] QED

Proposition 1.6.13. If X and Y are sets with F, G filters on X and Y respectively and
7 X XY — X is the usual projection on the first coordinate, then n(F x G) = F.

Proof. It F € F,then F xY € F xGand F = n(F xY) € n(F x G). Likewise, if
H € n(F x G) then there are some F' € F and G € G so that H DO 7(F x G). Then
H D Fand H € F. We conclude that 7(F x G) = F. QED

Proposition 1.6.14. Fix sets X and Y. If H is a filter on X x Y, there exist filters F on
Xand GonY sothat H DO F x G.

Proof. Letm : X xY — X and 7y : X xY — Y be the usual projections. The filters
F =m(H) and G = mo(H) have the desired properties. QED

Products of filters interact well with products of functions and diagonals.

Proposition 1.6.15. Fix sets X, Y, W and Z, filters F € ®(X) and G € ®(Y), and
functions f : X — Wandg:Y — Z. When f x g : X xY — W x Z is given by

(f x g)(x,y) = (f(z),9(y)), one has (f x g)(F x G) = f(F) x g(G).
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Proof. Let H € (f x g)(F x G). There is then H' € F x G so that H D (f x g)(H').
Since H' € F x G, thereare I' € F and G € G so that H' O I' x GG. Thus,

H O (fxg)(F xG)=f(F)xg(G) € f(F) xg(9)
and H inf(F) x g(G). We now have (f x g)(F x G) C f(F) x g(G).

For the other direction, suppose H € f(F) x g(G). There are then H, € f(F)
and H, € ¢g(G) so that H O Hy x H,. Since H; € f(F), there is some F' € F so that
H, D f(F). Likewise, there is some G € G so that H, D ¢g(G). We then have that

H D f(F)xg(G) = (f xg)(F xG) € (f x g)(F xG) = f(F)
and H € (f x g)(F x G) = f(F).

We conclude (f x g)(F x G) = f(F) x g(G) as desired. QED

Proposition 1.6.16. If X is a set, define the diagonal map A : X — X x X to be given
by x — (z,2). If F € ®(X), then A(F) O F x F.

Proof. By Proposition|1.6.14, we have that

A(F) 2 mi(A(F)) x m2(A(F))
= (m 0 A)(F) x (m20 A)(F)
=F x F.

For the other containment, suppose H € F x F. There are then F}, F;, € F so that
H O Fy x F,. We then see that H O A(F; N F;) so that H € A(F). We conclude
A(F)=F x F. QED

Definition 1.6.17. Suppose X and Y are sets and «, 3 are nets in X and Y respec-
tively. Define the product net in X x 'Y by

(a, B) : dom(a) x dom(B) = X xY

by (o, 8)(i, k) = (o, i) for each i € dom(«) and k& € dom(f).

Proposition 1.6.18. Let X and Y be sets with «, F respectively a net and filter on X and
B, G respectively a net and filter on Y.

1. £((a,B)) = E(a) x E(B).
2. n(F xG) ~ (n(F),n(G))

Proof. (1) Suppose (o, 3) is eventually in some U C X x Y. We then have some
(ap,by) € A x B so that the tail

T = {(a(a), 5(b)) : (a,b) = (a0, bo)} € U.
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Let Ty = {a(a) : a > ap} and Ty = {5(b) : b > by}. We see that T = Ty x Tj.
Certainly, T4 € () and T € E£(B). Therefore, since U € E(a) x E(B).

Now, assume that U € £(a) x £(S). We have some F; € £(a) and F, € £(B)
so that U D I} x F;. But then a, § are eventually in F} and F, respectively, so that
(a, ) is eventually in F; x F,. We conclude that (o, 8) is eventually in U. This
concludes (1) by double containment.

(2) Follows directly from (1). Observe

This is exactly that n(F x G) ~ (n(F),n(G)) as desired. QED

Corollary 1.6.19. If X and Y are sets with o, 3 are nets in X and Y respectively and
7 : X x Y — X is the usual projection, then w(a, ) ~ o

Proof. We compute that

(€((e, 8)))
(E(e) x £(8))

which is exactly that 7(c, 8) ~ a. QED



Chapter 2

Convergence Spaces

With the last chapter’s preliminaries in place, we may now use nets and filters to
generalize topological spaces with convergence spaces. In the first section we will
present the definition and basic properties of such spaces and continuous maps
between them. In the second, we will explore how convergence spaces relate to
topological spaces. In the third, we will introduce methods for constructing con-
vergence spaces. The fourth and fifth sections will extend the topological notions
of separation and compactness to convergence spaces. In the sixth section, we
will discuss several significant classes of convergence spaces. The exposition here
mainly follows that in [Pat14] and - particularly in 2.6 - [BB02].

2.1 Convergence Structures

In this section, we will define a type of space which uses the convergence of filters
as its primitive notion and define from this a notion of convergence of nets. We
will then prove some basic results on this convergence. Further, we will show
that not only does this convergence include the convergence of nets and filters in
topological spaces but also the almost everywhere convergence from Section
Following this, we will define continuous functions between convergence spaces
and introduce the category of convergence spaces.

Definition 2.1.1. A convergence structure on a set X is a relation -C ¢(X) x X so
that

1. [x] —» z foreach z € X;
2.ifF,Ged(X)and z € X with F - zand G O F then G — z;
3. if F.ged(X)andx € X with F - xand G — x then FN G — x.

The symbol — is read as converges to. A set together with a convergence structure
is called a convergence space.

Example 2.1.2. By Propositions|1.2.18}[1.3.8 and [1.6.3|we have that the convergence
of filters in a topological space as defined in Definition|1.2.16|gives a convergence
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structure. Given a topological space with underlying set X, we will denote X with
this convergence structure by €(.X). Convergence spaces which can be obtained in
this way are called topological convergence spaces.

The reasoning behind Definition [1.2.16) may now be inverted to define a conver-
gence of nets in a convergence space which satisfies the net analogues to the prop-
erties set out in Definition

Definition 2.1.3. If X is a convergence space, z € X, and « a net in X, say that «
converges to x and write a« — x when £(a) — .

Observe that if the convergence structure on X is inherited from a topological
space, this is just the usual notion of convergence.

Proposition 2.1.4. Suppose X is a convergence space with x € X.
1. If o is a constant net at x, then o — .
2. Ifais a net in X converging to x and 3 is a subnet of o, then 3 — .
3. If a and j3 are nets in X both converging to x, then o A B — .

Proof. (1) Suppose « is a constant net at . By Proposition we have that
E(a) = [z]. Since [z] — x we have o — z.

(2) Suppose « is a net in X converging to x and 3 is a subnet of . We have by
definition that £(5) 2 £(«). Since « — x we have £(a) — x and thus £(8) — .
Therefore, 8 — .

(3) Suppose « and 3 are nets in X both converging to x. We then have by Lemma
that E(a A B) = E(a) N E(B). Further, since a, 8 — = we have that £(«), £(8) — =.
From this it follows that £(a) N E(B) — zso thata A f — . QED

Remark 2.1.5. It is possible to define convergence structures directly via nets instead
of filters. One way is to single out some specified set of nets as primitive, define a
convergence structure on these satisfying the properties of Proposition and
then use equivalence of nets to extend this convergence to all nets. There are a
variety of difficulties here, the first of which is how to choose a set of primitive
nets large enough to “see” any other net via equivalence. The simplest solution is
to choose the set of primitive nets to be the derived nets of filters. Of course, this
hardly avoids using filters.

Another way around this problem is to sidestep the set theoretic concern by view-
ing the collection of nets as a category. Then, a net based convergence structure can
be realized as a functor satisfying various properties. The details of this method
are discussed in Appendix
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We will now present some basic properties of net convergence.

Proposition 2.1.6. Suppose X is a convergence space. If F is a filter on X converging to
a point x € X, then n(F) — .

Proof. This follows from the fact that £(n(F)) = F. QED

Proposition 2.1.7. If X is a convergence space and x € X and o and (3 are nets in X
with o ~ f3, then o — x if and only if § — .

Proof. This follows since £(a) = £(f3). QED

Proposition 2.1.8. Let X be a convergence space. Suppose o : I — X is a net. For each
i € I, define

I.i={jel:j>i}
If thereisi € I and v € X and cofinal I, ..., I,, C I so that
1. I; C UZ:1 I,
2. al|, »xforeachk =1,...,n
then o — x.
Proof. This follows from the observation that

£(a) = () (als,).

k=1
QED

Corollary 2.1.9. Suppose X is a convergence space and « : I — X is a net. Fixi € 1.
Forall x € X, we have « — x if and only if o|r., — x. This restriction of c is called a
tail. B

We have seen that the convergence of nets and filters in topological spaces is given
by a convergence structure. We will now show that almost everywhere conver-
gence is as well.

Lemma 2.1.10. Let X and Y be sets with Y a convergence spaceand Z = {f : X — Y'}.
Suppose that A and I are nets in Z and that v € X andy € Y. If A ~ Tand A(z) — y
then I'(x) — y.

Proof. Define ev, : Z — Y by f — f(x). Since A ~ I', we have by Corollary
that

A(z) = evy(A) ~ev, (') =T'(2).

Since A(z) — y we then have I'(z) — y. QED
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Proposition 2.1.11. Fix a measure space (X, X, i) and set
M(X)={f: X = R fis measurable}.

Define the almost everywhere convergence structure on M(X) by saying if & is a
filter on M(X) and f € M(X), then F — f iff n(.F) converges to f almost everywhere.
This is a convergence structure.

Proof. First, suppose f € M(X). Recall from Proposition|1.2.17|that n([f]) is equiv-
alent to the constant net at f. By the previous lemma, we have that n([f]) converges
to f almost everywhere so that [f] — f.

Suppose f € M(X) and F, G are filters on M(X) with G O F and F — f. We
have that 7(G) is a subnet of n(F). We then have for each x € X thatev,(n(G)) is a
subnet of ev,(n(F)). From this it follows that if ev,(n(F)) converges then so does
ev;(n(G)) and to the same limit. Therefore 1(G) converges to f almost everywhere
and G — f.

Suppose f € M(X) and F,G are filters on M(X) with F,G — f. We have some
set A, B € ¥ sothat u(X N~ A) = (X ~B) =0and n(F)(z) — f(z) forallz € A
and 7(G)(z) — f(z) for all x € B. We observe that

XN (AN B)) = p((X N A)U(X N B))

<X NA) + (X N B)
0

and thatif z € AN B then

n(FNG)(x) = n(F) An(G))(x)
= 1(F)(x) An(G)(x)
— f(x).

Thus, n(F N G) converges to f almost everywhere and F NG — f.

We conclude that this relation is a convergence structure. QED

Corollary 2.1.12. When (X, X, i) is a measure space and M(X) is given the almost
everywhere convergence structure, a net A in M(X) converges to f € M(X) if and only
if it converges almost everywhere.

While we have seen that convergence spaces describe a large collection of con-
vergence notions, including both topological convergence and almost everywhere
convergence, there are still useful notions of convergence which are not given by
any convergence structure. The example given here will be Banach limits.

Let K be either R or C. Let C be the collection of converging sequences in K and ¢>
denote the collection of bounded sequence in K. Using the Hahn-Banach theorem,
one may construct a linear functional L : {* — K so that when z € ¢~
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1. The operator norm of L is 1;

2. If x € C then L(z) = limz;

3. If x(n) > 0 foralln € N then L(x) > 0;

4. L(T(z)) = L(z) where T : £ — (> is given by T'(z)(n) = z(n + 1).
For details, see Theorem 7.1 of [Con90]. Such a functional is called a Banach limit.
The usual limit operator is extended in such a way as to enable the following com-
putation.
Example 2.1.13. Let x € (> be given by x = (1,0,1,0,1,...) and L : /* — K be a

Banach limit. The sequence z is certainly bounded but not convergent in the usual
sense. Note that T'(x) = (0, 1,0, 1,0, ...). We thus have that

1=1lm(1,1,1,1,..)
~L(1,1,1,1,..)

so that L(z) = 1/2.
Note that the sequence x above contains a constant subsequence at 0. If Banach lim-

its could be given by a convergence structure, one would have to have L(0) = 1/2
which is clearly not possible.

Now that convergence spaces have been defined, we can formulate a definition
of continuous maps between convergence spaces.

Definition 2.1.14. A function f : X — Y between convergence spaces X and
Y is called continuous at the point x € X when for all filters ¥ — z in X one
has f(F) — f(z). If f is continuous at each point in its domain, it is said to be
continuous. As in topology, a continuous bijection with continuous inverse is called
a homeomorphism.

Unsurprisingly, continuity may be easily characterized by nets.

Proposition 2.1.15. A function f : X — Y between convergence spaces is continuous at
x € X if and only if for each net o — x one has f(a) — f(x).

Proof. Suppose f : X — Y is continuous at some z € X. Let a be a net in X with
a — x. We then have that £(«) — z and by continuity that f(£(«)) — f(z). Since
f(E(a)) = E(f()), we have that f(a) — f(z).

Suppose = € X is such that for each net « — x one has f(a) — f(x). Fix a fil-
ter F — z. We then have that n(F) — x and f(n(F)) — f(z). Since f(n(F)) ~
n(f(F)), we have that n(f(F)) — f(z). Therefore, f(F) — f(x) as desired for
continuity of f at . QED
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The net characterization of continuity makes it plainly apparent that continuous
maps between convergence spaces generalize sequentially continuous maps in
metric and topological spaces.

We now have a notion of convergence spaces and maps between such spaces which
interact with convergence structures in a reasonable way. We would like to say
they form a category. For this, it only remains to prove the following result:

Proposition 2.1.16. If X, Y and Z are convergence spacesand f : X — Y andg:Y — Z
are continuous, then

1. The identity function idx : X — X which is given by x — x is continuous;
2. The composition g o f is continuous.

Proof. Statement (1) is trivial. Certainly if a filter 7 converges in X, then so must
idx(F) = F and to the same point.

Consider now claim (2). Suppose z € X and we have some filter 7 — z. Re-
call from Corollary [L5.6that g o f(F) = g(f(F)). By continuity of f, we have that
f(F) — f(x). By continuity of g, we have g(f(F)) — g(f(z)). Thus, g o f(F) —
go f(z). Therefore, g o f is continuous. QED

We now may safely define a category of convergence spaces.

Definition 2.1.17. The category CONV is that whose objects are convergence spaces
and whose morphisms are continuous functions. If X and Y are convergence
spaces, we write C'(X,Y') for the set of continuous functions from X to Y.

2.2 Relation to Topological Spaces

In the last section, we saw that every topological space gives rise to a convergence
space via equipping the underlying set of the topological space with the filter con-
vergence induced by the topology. If X is a topological space, we denoted the
convergence space obtained in this manner by €(.X). A reasonable question then is
whether it is possible, given convergence space X, to construct a topological space
T(X) which is in some way close to X. The answer here is affirmative.

In this section, we will show that ¢, though at this point purely symbolic, may
be seen as a functor ¢ : TOP — CONV witnessing that the category of topolog-
ical spaces is a full subcategory of CONV. We will further construct a functor
T : CONV — TOP which is left adjoint to €.

Definition 2.2.1. The functor ¢ : TOP — CONV is defined by

1. If X is a topological space, €(X) is X with the convergence structure induced
by its topology;
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2. If X and Y are topological spaces and f : X — Y is continuous, then &(f) :
C(X) = (YY) by x> f(x).

The following two propositions will justify that € is in fact a functor and TOP a full
subcategory of CONV.

Proposition 2.2.2. If X and Y are topological spaces and f : X — Y is continuous, then
C(f) : €(X) — €(Y) is continuous.

Proof. Let x € X and suppose there is a filter 7 — z in €(X). We then have that
F 2O N, and thus f(F) 2 f(N.). Suppose N is a neighborhood of f(x). We then
have by continuity of f that f~*(V) is a neighborhood of z. This of course means
f7H(N) € N,.. We have now

N2 f(fTH(N) € fN)

which tells us N € f(N,). Therefore, f(N,) 2 Ny(,). By definition, we then have
that f(N,) — f(z) and thus that €(f) is continuous. QED

Proposition 2.2.3. Suppose X and Y are topological spaces. If f : €(X) — €(Y) isa
continuous mapping of convergence spaces, then f : X — Y is also a continuous mapping
of topological spaces.

Proof. Fix x € X. We have that NV, — z, and thus by continuity of f we know
f(Nz) — f(x). This implies f(N,) 2 Ny). Thus, for every neighborhood U
of f(x), there is some neighborhood N of z so that f(N) C U. Therefore, f is
continuous at z for all z € X. QED

So, ¢ is a functor embedding TOP into CONV as a full subcategory. From here on, if
X is a topological space, we will often not distinguish symbolically between X the
topological space and €(X) the convergence space. Likewise, if f is a continuous
mapping of topological spaces, we will often write simply f for €(f). Explicit use
of ¢ will occur when the context demands extra care.

We will now introduce the set-up required to define the functor ¥ : CONV — TOP.

Definition 2.2.4. If X is a convergence space and = € X, we define the vicinity filter
at x as

V, = {FedX): F—ua}.

Elements of V, are called vicinities of x. A subset of a convergence space is called
open when it is a vicinity of each of its points and closed when its complement is
open.

Remark 2.2.5. Recall that a filter 7 converges to a point in a topological space if and
only if F contains all neighborhoods of this point. Thus, for a topological space X,
the vicinity filter at a point in €(X) is just the neighborhood filter at that point in
X. Thus, the open sets of €(X) are exactly the open sets of X.
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Remark 2.2.6. The term vicinity filter is non-standard. In [BB02] and [Pat14], these
filters are called neighborhood filters. This name serves as a reminder that vicini-
ties and neighborhoods coincide for topological spaces and extends the topologi-
cal fact that a set is open if and only if it is a neighborhood of each of its points.
However, this term can be misleading. Consider Example 2.43 of [Patl4]: Give
X = {0, 1,2} a convergence structure by

F —0iff {0,1} e F

F — 1iff {1,2} € F

F —2iff {0,2} € F
With this structure, one has that

Vo = [{07 1}]
Vi = [{1,2}]
Vo = [{07 2}]

and that the only open sets are () and X. As we will soon prove is always the case,
the open subsets of X form a topology, but the neighborhood filters of points in
this topology are not the vicinity filters giving rise to the topology.

In [Nell6], vicinity filters are called assembled filters. This terminology offers no
confusion with usual topological notions. However, it seems too divorced from
the topological motivation for vicinity filters. Thus, as in [DM16], the term vicinity
is chosen to retain the flavor of neighborhoods but not invite confusion.

We can reformulate the above definition of open sets as a property which is easier
to verify in practice.

Proposition 2.2.7. A subset V of a convergence space X is a vicinity of x € X if and only
if either of the equivalent conditions are met:

1. for every filter F — x we have V € F;

2. for every net o — x we have o €, V.

Proof. Suppose x € X and V is a vicinity of . Consider a filter 7 — x. We then
have by the definition of vicinity filter that 7 O V,. But then certainly, we have
that V' € F. Likewise, if « is a net converging to z, then £(a) — z. By the above
reasoning, we have V' € £(«). This is exactly the statement that o €., V.

Now, suppose V satisfies (1). This says
Ve([{Fed®X): Foa}=V,

Thus, V is a vicinity of z. Now, suppose V satisfies (2). Consider a filter 7 — z.
We have that n(F) — x. Thus, n(F) €, V. Therefore,

Ve&nF)=F.

This holds for any filter converging to x, so V' is a vicinity of . QED
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The terminology here is suggestive; it would be ideal if the open subsets of a con-
vergence space formed a topology.

Theorem 2.2.8. If X is a convergence space, the collection of open subsets of X form a

topology.

Proof. Observe that every converging filter in X contains X. So X is open. Further,
we have that () is open by vacuity.

Suppose U is a family open open subsets of X. Suppose =z € |JU and F is a filter
converging to x. Then x € U for some U € U. Since U is open we have that U € F.
Since | JU D U, we have that | JU/ € F. This holds for all z € | JU/ and filters F — z,
we have that (U is open.

Now, suppose Uy, ..., U, is a family of open subsets of x. Define U = Uy N --- N U,.
Suppose x € U and F is a filter converging to . We have that z € Uy, ..., U,. Each
is open, so Uy, ..., U, € F. Since F is a filter, it is closed under finite intersections.
Therefore, U € F. Therefore, U is a vicinity of each of its points and is open.

The collection of open subsets of X include X and () and are closed under arbitrary
unions and finite intersections. This is precisely that they form a topology. QED

If X is a convergence space, we denote the topological space with underlying set
X and open sets given by the convergence structure by T(X). We next show that
the assignment X — T(X) is functorial.

Proposition 2.2.9. If X and Y are convergence spaces and f : X — Y is a continuous
function, the map (f) : T(X) — (Y given by x — f(x) is continuous as a mapping
of topological spaces.

Proof. Suppose U C T(Y) is open. Fix z € f~'(U). Suppose « is a net converging
to z in X. By continuity of f as a mapping of convergence spaces, we have that
f(a) = f(z). Therefore, f(a) €ey U. We thus have that o €, f~1(U). So f~1(U) is
a vicinity of each of its points. It is therefore open as a subset of X. By definition,
itis open in T(X). QED

Corollary 2.2.10. If X and Y are convergence spaces and f : X — Y is continuous, then

for any open U C'Y we have f~1(U) open in X.

We interpret T as a functor ¥ : CONV — TOP. For any convergence space X, by
definition of ¥ and Remark we have that T¢(X) = X. Certainly for any
continuous mapping f of topological spaces, we then have T€(f) = f. Thus, as
functors, T¢€ = idop.

In fact, the functors T and ¢ form an adjunction.

Notation 2.2.11. If X is a convergence space with convergence structure —, denote
the convergence structure in €%(X) by —.
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Theorem 2.2.12. If X is a convergence space, the map 7x : X — €% given by x — x is
continuous.

Proof. Suppose « is a net in X converging to z € X. Then for any open set U > «
in X we have that a €., U. But this is exactly that « is eventually in each open set
containing z in €Z(X). This is exactly that & —, z. Therefore, 7x is continuous.

QED

Lemma 2.2.13. The functor < is left adjoint to €.

Proof. We note that for any convergence spaces X and Y and any continuous f :
X — Y, we have that the diagram

x —L

Y
Txl lfy

commutes. Thus, the maps 7x are the components of a natural transformation 7 :
idcony — €%. Further, since ¢ = id;op, we have a trivial natural transformation
id : T¢€ — idyop. These natural transformations are such that for any convergence
spaces X and Y/, the diagrams

Te(y)

T(X) ~ geg(X) e(v) 9% e3e(X)

id i
id‘zm l e idem\ lﬁ( )
T(X) ()

commute. Thus, ¥ and € form an adjoint pair with unit and counit of adjunction 7
and id respectively. QED

Corollary 2.2.14. The functor ¥ is cocontinuous and € is continuous.

Corollary 2.2.15. For any convergence space X and any topological space Y and any

continuous function f : X — €(Y') there is a unique continuous map f : €(X) — €(Y)
so that

)

X d , E(Y
CT(X)

commuites.

Proof. Since X and T¢€(X) have the same underlying set, and 7x is continuous, it
suffices to show that f is continuous as a map out of €T (X).

We have that T(f) : T(X) — TE(Y) = Y is continuous. Then €X(f) : €T(X) —
¢(Y). This is the desired result. QED
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Corollary 2.2.16. A convergence space X is topological if and only if there is a topological
space Y so that X = €(Y).

Proof. Suppose X is a topological convergence space. Recall that by definition, X
is topological when there is a topological space Y with X = €(Y'). Then certainly
X =eY).

For the other direction, suppose there is a topological space ¥ and homeomor-
phism f : X — €(Y). We then have the homeomorphism €%(f) : €T(X) — €(Y)
with €Z(f) o 7x = f. Since €%(f) and f are homeomorphisms, so is 7x. Thus,
X = €%(X) and X is a topological convergence space. QED

Remark 2.2.17. In Corollary we show that the preimage of open sets under
continuous mappings of convergence spaces are open. This is what one expects
from topology. However, the converse fails. Note X and ¢%(X) share the same
open sets for any convergence space X. Thus, the preimage of any opens set under
75! is open. However, 73! is not continuous unless X is a topological convergence
space.

Above, we saw how the convergence of filters and nets describe the open subsets
of a convergence space. Convergence can also be used to detect closed sets. We
first need a definition.

Definition 2.2.18. If S is a subset of a convergence space X, we define the adherence
of S as

a(S)={r e X :3dF € (X)(F »xand S € F)}.
The adherence of course has an equivalent characterization via nets.
Proposition 2.2.19. If S is a subset of a convergence space X, then

a(S) ={z € X : thereisanet ain S witha — x}.

Proof. Suppose = € a(S). There is then a filter ¥ — = with S € F. We thus have
that n(F) — x and 7(F) €ey S. We may thus choose a subnet o of 1(F) so that a is
entirely in S.

Now, suppose that there is a net o in S with o« — z forsome z € X. Then (o) — «
and S € £(a). So z € a(S). We conclude
a(S) ={z € X : thereisanet ain S with a — z}.

as desired. QED

Proposition 2.2.20. If f : X — Y is a continuous mapping of convergence spaces, and
S C X, then f(a(5)) € a(f(5))-

Proof. Suppose y € f(a(S)). There is then anet o in S and z € X so that o« — =
and f(z) = y. Then, f(«) is anetin f(S) and f(«) — y by continuity of f. Thus,
y € a(f(S)). We conclude f(a(5)) C a(f(S)) as desired. QED
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We may now classify closed sets.
Lemma 2.2.21. For any convergence space X and subset S C X we have S C a(95).

Proof. For each x € S we have [x] — z and S € [z]. Therefore, x € a(S) and
S C a(9). QED

Proposition 2.2.22. If S is a subset of a convergence space X, then the following are
equivalent:

1. Sisclosed, i.e. X ~\ S is open;
2. a(S)=S5.

Proof. Suppose X ~\ S is open. Let € a(S). There is then a filter 7 — z with
S € F.Butthen X \ S ¢ F. So X \ S is not a vicinity of z. Since X ~\ S is open,
we have z ¢ X \ S. Thus, z € Sand a(S) C Sand a(S) = S.

Now, suppose a(S) = S and z € X \ S and o — « for some filter o. Suppose
there is a cofinite subset / of dom(«) so that a(I) C S. Then we may define a sub-
net of « entirely contained in S. But then z € a(S) = S which is impossible. Thus,
a Eey X N\ S. Thus, X \ S'is a vicinity of x for each x € X \ S. So, X \ S is open
and S closed. QED

Proposition 2.2.23. If X is a convergence space and S C T C X, then a(S) C a(T).

Proof. This follows immediately since any filter on X containing S contains 7.
QED

Corollary 2.2.24. If X is a convergence space and S C X, then a(S) C S, the topological
closure of S.

Proposition 2.2.25. If f : X — Y is a continuous mapping of convergence spaces, then
f(Ve) 2 Vi) forall x € X.

Proof. Fix v € X and V' € Vy(,. For any filter 7 — = in X, we have that f(F) —
f(z) and thus f~'(V) € F. Thus, f~}(V) € V, and V € f(V,). Thus, f(V,) 2 Vi@
as desired. QED

Corollary 2.2.26. The preimage of a vicinity of f(x) under a continuous mapping f is a
vicinity of x.

In summary, we have seen that the category of topological spaces is a full subcat-
egory of the category of convergence spaces. We further have a left adjoint to this
inclusion which produces from any convergence space a topological space which
is “close” to the convergence space in some sense.
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2.3 New Convergence Structures from Old

In this section, we introduce the initial and final convergence structures. These
allow us to produce new convergence spaces from old ones. The initial structure
allows us to define such objects as subspaces, products, and weak topologies. The
final structure gives quotients, coproducts, and other such objects.

2.3.1 Initial Convergence Structure

Definition 2.3.1. Suppose X isasetand {f; : X — X, : i € I} is a collection of
functions from X to convergence spaces X;. The initial convergence structure on X
with respect to {f; : X — X, : i € I} is given by

F =z <= fi(F)— filv)foralli e [
for filters 7 € ®(X) and points = € X.

Remark 2.3.2. Tt is clear from this definition that if X isasetand {f; : X — X;:i €
I'} is a collection of functions from X to convergence spaces X;, then a net o in X
converges to x € X precisely when f;(a) = f;(z) foralli € I.

Proposition 2.3.3. If X isa set and {f; : X — X, : i € I} is a collection of functions
from X to convergence spaces X;, the initial convergence structure on X with respect to
the f; is actually a convergence structure.

Proof. We need merely check the defining characteristics of a convergence space.
Fixz € X.

For each i € I, we have f;([z]) = [fi(z)] — fi(z) so that [z] — =.

Suppose F,G € ®(X) both converge to x. Then we have f;(F) — fi(z) and
fi(G) — fi(z) for each i € I. Thus,

fi(FNG) = fi(F)N fi(G) — fiz)
foreachi € I sothat F NG — x.
Suppose F,G € ®(X) withG O F and F — z. Then
fi(G) 2 fi(F) — fi(x)
so that f;(G) — fi(x) for each i € I. Thus, G — .

We thus have that the initial convergence structure is a convergence structure.
QED

Remark 2.3.4. The maps f; giving the initial convergence structure are continuous
when X carries the initial convergence structure.
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The initial convergence structure comes with an important universal property.

Proposition 2.3.5. If X carries the initial convergence structure over a family {f; : X —
X, : i € I} and Y is any convergence space, a function f : Y — X is continuous if and
only if f; o f is continuous for each i € I.

Proof. Certainly, if f is continuous, then f; o f is continuous for each i € [ as a
composition of continuous functions.

Suppose f; o f is continuous for each i € I. Suppose y € Y and « is a net in Y
with @ — y. Then by continuity, f; o f(o) — fi(f(y)) for each i € I. But this is
exactly that f(a) — f(y) in the initial convergence structure. QED

Remark 2.3.6. This universal property completely characterizes the initial conver-
gence structure; that is, the initial convergence structure on X is the only one sat-
isfying this universal property.

Proposition 2.3.7. Every convergence space X carries the initial convergence structure
over C(X, X).

Proof. If a filter F converges in X, then so does f(F) for every f € C(X,X).
Further, if a point # € X and filter 7 on X is such that f(F) — f(z) for every
f € C(X,X), then in particular F = idx(F) — z. Thus, convergence in X is
exactly convergence in the initial structure over C'(X, X). QED

We now define three important instances of the initial convergence structure.

Definition 2.3.8. Suppose X is a convergence space and S C X. The subspace
convergence structure on S is the initial convergence structure with respect to the
inclusion ¢ : S — X.

Definition 2.3.9. If X, Y are convergence spaces and f : ¥ — X is a homeomor-
phism onto its image (with the subspace convergence structure), then f is called
an embedding.

Definition 2.3.10. If {X; : ¢ € I} is a collection of convergence spaces, the initial
convergence structure on X = [[._, X; with respect to the projections m; : X — X;
is called the product convergence structure. Unless otherwise stated, all products of
convergence spaces will be assumed to carry this convergence structure.

Definition 2.3.11. If X is a convergence space, the initial convergence structure on
X with respect to C'(X,K) is called the weak convergence structure or weak topology
on X. A space X with this convergence structure is denoted X, and convergence
therein is denoted —,. If S C X, we denote the closure of S in the weak topology
by S°

Remark 2.3.12. We call the weak convergence structure the weak topology precisely

because it is a topological convergence structure whose underlying topology is the
weak topology. This will be established by Proposition and Definition 2.6.9]
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With these definitions in place, we will prove some basic properties.

Given the name, one hopes that the subspace convergence structure is related to
the usual subspace topology. This is the case.

Proposition 2.3.13. If X is a topological space and S C X carries the subspace topology,
then &(S) carries the subspace convergence structure with respect to €(X).

Proof. We certainly have that the inclusion : €(S5) — €(X) is continuous by func-
toriality of €.

Now, suppose Y is some convergence space and f : Y — €(5) is some function so
that i o f is continuous. Lety € Y and U C S an open set containing f(y). Let a be
anet in Y with a — y. There is then some open set V' C X with U = SN V. Since
i o fis continuous, we haveio f(a) = io f(y) = f(y). So, f(a) €e V. Since f(a)
isanetin S, we have f(«a) €ey U. Thus, f(a) — f(y).

Thus, the convergence structure on €(.5) satisfies the universal property of the sub-
space convergence structure and this is the subspace convergence structure. QED

The following is a useful technical detail.

Proposition 2.3.14. Fix a convergence space X and filter F on X converging to some
reX. IfreSC Xissuchthat SNF # (0 forall F € F, then F|s — x in S with
the subspace convergence structure. Additionally, if S € F, then F|s — y in S implies
F—yin X.

Proof. Recalling the discussion in Notation we have that
[Fls]=FNS2DF.

Since F — x, we have [F|s] — z in X. Thus, F|gs — xis S.

For the rest of the proof, it suffices to remark that if S € 7, then F NS =F. QED

In topology, it is often possible to define a continuous map on a space X by first
specifying it on subspaces and then gluing this data together to form a function on
the whole space. This can also be done for convergence spaces

Proposition 2.3.15 (General Gluing Lemma). Let Y be a convergence space. If X is a
convergence space satisfying

1. there is a finite collection A of subsets of X with |JA = X;
2. foreach A € A thereis a continuous function f4: A —Y;
3. foreach A, B € Aand x € AN B we have fa(x) = fp(zx);

4. for each A, B € A and every net « in A so that o« — x for some x € B we have

fale) = fo(x);
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then there is continuous h : X — Y so that for each A € A we have h|4 = fa.

Proof. Letting A = {A,,..., A, } we define f : X — Y by

fa, () =€ A

by = 0 e

fa, (x) =€ A,
which is well defined by (1) and (3).

Suppose x € X and there is a net « — x. Let D be the domain of o and for
each k = 1,...,n define Dy = a~!(A). Let

B = {A : Dy cofinal in D}.

We have that for each £ so that A, € B that a|p, — =. Without loss of generality,
let x € A,. For each k so that A, € B

halpy) = fa(alp,) = fa,(x) = h(z)

by continuity of f4, and (4). Produce d, € D so that for all d > d, we have o, €
UB. It follows that D4, C J{Dy : Ar € B}. By Proposition we have that
h(a) — h(z) so that h is continuous as desired. QED

Corollary 2.3.16 (Open Set Gluing Lemma). Suppose X, Y are convergence spaces, and
UV C XareopenwithUUV = X. If f: U — Yand g : V — Y are continuous
functions agreeingon UNV , then h : X — Y by

W) = {f(m) xrelU
glx) zeV

is continuous.

Proof. We need only check the hypotheses of the general gluing lemma, of which
only (4) requires any work. Without loss of generality, suppose there is a net a in
U converging to x € V. Since V is open, a €, V. Therefore, o €., U N V. Since f
and g agree on U NV and g is continuous, we have f(«a) — g(x) as desired. QED

Corollary 2.3.17. Suppose U is a finite collection of open subsets of a convergence space X
and X = JU. Suppose Y is any convergence space. If for each U € U there is continuous
fu : U = Y so that for any U,V € U we have fy(z) = fy(x) forallx € UNYV, then
there is a continuous function h : X — Y so that for all v € X and U € U we have
h(z) = fu(x) whenever x € U.

We now will turn our attention to the product of convergence spaces. The main
result here is that the product of convergence spaces is the categorical product in
CONV.
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Proposition 2.3.18. If { X, : i € I} is a family of convergence spaces, then [],.; X; is the
categorical product of spaces X;.

Proof. This is an immediate consequence of Proposition and the fact that the
Cartesian product is the categorical product in SET. QED

Corollary 2.3.19. If { X,} is a family of topological spaces,

[ e =¢<HX@-).

iel iel
Proof. The follows from the continuity of ¢ as established in Corollary[2.2.14] QED
Corollary 2.3.20. The product of topological convergence spaces is again topological.

We end with a useful result saying roughly that to study convergence in a product
space, it is enough to understand the products of filters on the factor spaces.

Proposition 2.3.21. If X and Y are convergence spaces, a filter H on X x Y converges
to (x,y) if and only if there are filters F — x and G — y in X and Y respectively so that
HOFxG.

Proof. This is an immediate consequence of Proposition|1.6.14 QED

Lastly, we address an apparent ambiguity in the definition of weak convergence
structure, the value of the ground field K.

Proposition 2.3.22. If X is any convergence space, then the initial convergence structures
on X with respect to C(X,R) and C (X, C) are identical.

Proof. Let X, denote X with the initial convergence structure over C'(X,C). We
will prove the desired claim by showing that if Y is a convergence space then a
function f, : ¥ — X, is continuous if and only if f o f; is continuous for each
feC(X,R).

Suppose f; continuous and f € C(X,R) is continuous. Leti : R — C be the
usual embedding. We have thatio f € C(X,C). Thus, i o f o f; is continuous. Let
m : C — Rtake z € C toits real part. We have m, oio f o fy = f o fyis continuous.

Now, suppose f o f; is continuous for each f € C'(X,R). Let h € C(X,C). We may
write h = hy + ihy for continuous real valued k4, he. Thus, ho fy = hyo fo+i(hso fo)
is continuous and by the universal property of initial convergence structures, f; is
continuous.

Thus, X, satisfies the universal property of X with the initial convergence struc-
ture over C'(X,R). We conclude the two spaces are the same. QED
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2.3.2 Final Convergence Structure

Definition 2.3.23. Suppose X is asetand {f; : X; = X | ¢ € I} is some family of
functions out of convergence spaces X;. The final convergence structure on X relative
to the f; is given by

F — z iff F = [z] or there is a finite finite collection of indices J C I.
So that for each j € J there is a finite subcollection Z; C X; so that for
each z € Z; we have both f;(z) = z and a filter 7, — z so that

Jj€J 2€Z;

for all x € X and filters F on X.

One may check that this is in fact a convergence structure. Further, this conver-
gence structure makes each f; continuous.

Proposition 2.3.24. Suppose X is given the final convergence structure relative to the
family of maps { f; - X; — X }icr out of convergence spaces X;. If §) is some convergence
space, then a function f : X — § is continuous if and only if f o f; is continuous for all
i€ 1.

Proof. The case in which f is assumed continuous is trivial.

Assume that f o f; is continuous for alli € I. Letz € X and F — . If Fis
the point filter at z, then f(F) = [f(z)] which must converge. Else, assume that 7
is not the point filter. Then there is a finite collection of indices J C I so that for
each j € J there is a finite subcollection Z; C X, such that for each z € Z; we have
both f;(2) = x and a filter 7, — =z so that

F2 ) £H(F).
Jj€J 2€Z;
We apply f and obtain
FFE)2() () Fofi(F)
jeJ ZEZj

By continuity, each filter on the right hand side converges to f(x). Therefore
f(F) — f(x) and we conclude that f is continuous. QED

There are two final convergence structures which are of particular interest. The
first is the coproduct in CONV

Definition 2.3.25. If {X;};c; is a family of convergence spaces and X = [],.; X;
is the disjoint unions of the underlying sets of the X;, then X along with the final
convergence structure relative to the standard embeddings e, : X; — X is called
the convergence sum.
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Using the fact that disjoint union is the coproduct in SET and Proposition [2.3.24
one has that the convergence sum is the coproduct in CONV.

Proposition 2.3.26. If { X, : i € I} is a family of topological spaces, then

[Jex) = ¢<HX,-).

icl iel
Proof. Since the embeddings e¢; : €(X;) — C(Hie s Xi) are continuous, we have
that the “identity” [[,.; €(X;) — €([],c; X;) is continuous. Thus, it only remains
to show that if anet o« — z in €([[,; X;), then o — z in [[,; €(X)).

We observe that if a net @ — z in €([[,.; X;), v € X; for some i € I and with-
out loss of generality, « is a net in X; eventually in each neighborhood of z. So
a — xin €(X;). By continuity of the embeddings, o« — zin [[,_, €(X;) and we are
done. QED

The second notable final structure is the quotient.

Definition 2.3.27. If X is a convergence space, Y is a set, and ¢ : X — Y is a sur-
jection, then the final convergence structure on Y relative to ¢ is called the quotient
convergence structure. The map ¢ is then called the quotient map.

The condition for filter convergence given in Definition [2.3.23|becomes somewhat
simpler when working with a quotient convergence structure.

Proposition 2.3.28. Suppose Y is a set, X is a convergence space, and f : X — Y
is a surjection. Place the quotient convergence structure relative to f on X. A filter F
converges to some y € Y if and only if (x) where (x) is

there exist x1, ..., x, € X and F, ..., F,, € ®(X) so that foreachi € {1,...,n}
one has F; — x; and f(x;) = y and

Fzﬂf(ﬂ)-

Proof. Checking (x) against Definition one sees that it is only necessary to
show that (x) implies the convergence of point filters. To this end, fix y € Y. Since f
is a surjection, there is some = € X so that f(z) = y. Then [x] — z and [y] = f([z]).
Thus, (x) implies [y] — y as desired. QED

Proposition 2.3.29. Let X be a convergence space, ¢ : X — Y be a surjection, and Y
be given the quotient convergence structure. For any convergence space §2 and continuous
function ¢ : X — Q so that for all 1,2, € X we have p(x1) = p(x2) whenever q(x;) =
q(x2), there exists a unique continuous map ¢* : Y — Q so that

X 250

qil/%
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commuites.

Proof. For each x € X, we may simply define ¢*(q(z)) = ¢(x). In particular, the
setup assures us this is a well defined map. It is then clear that ¢* must be contin-
uous since its composition with ¢ is continuous. QED

In Corollary and Proposition we saw that the product and conver-
gence sum of topological convergence spaces is topological. With Proposition [2.6.5]
and Remark[2.6.10, we will establish the even more powerful result that any initial
convergence structure over maps leading into topological convergence spaces is
topological. The following result shows just how catastrophically the analogue of
this result for final convergence structures fails.

Notation 2.3.30. If X is a set and / some index set recall that the disjoint union of
X with itself || many times is given by

HX:XXI.

i€l
We then define the collapsing map

V:HX—>X

iel
which is given by (z,7) — z for each z € X.

Theorem 2.3.31. Any convergence space is the quotient of a topological convergence
space.

Proof. Let X be a convergence space. Suppose r € X and F — x for some fil-
ter 7. Define the topology 7+, on X by saying U open if and only if U ¢ [z] or
U € Fnlz]. Thus, the neighborhood filter of x is just 7 N [z] and the neighborhood
filter of z # x contains {z} and is thus [z].

Now, consider the convergence sum over all such z, F pairs.

Q=] e, 77.).

F—x

We will denote elements of 2 as (z,7r,) where z,2 € X and F — =z to distin-
guish the many copies of X from each other. Let ez, : (X, 7£,) —  be the usual
embedding. The collapsing map V is certainly a surjection. We claim that the con-
vergence structure on X is the quotient convergence structure relative to V.

Suppose v € X and there is a filter 7 on X converging to x in the original con-
vergence structure on X. Then, by design, 7 — z in (X, 77 ;). So then ex,(F) —
(x, 77 ). Then we have by continuity of V that Ve ,(F) = F — «z in the quotient
convergence structure on X.
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On the other hand, suppose that 7/ — z in the quotient convergence structure
on X. One may find finitely many z1, ..., 2, € X and filters G, — z; (in the original
convergence structure on X) and filters 7; — (z, 7g, »,) (in €2) so that

FOV(F)NV(F)N---NV(F).

Leti € {1,...,n}. f x = 2, then F; D G; N [z]. Then V(F;) — =z in the original
convergence structure on X. Otherwise, suppose that z # z;. Then we have that

Fi; = [z] and V(F;) — =z in the original convergence structure on X. Thus, F
extends the intersection of filters all converging to  and must then itself converge
to x in the original convergence structure. QED

2.4 Separation Axioms

In this section, we address the extension of topological separation properties to
convergence spaces. We begin by recalling the relevant separation properties. If X
is a topological space, X is

Ty or Kolmogorov iff for any distinct z,y € X, there exists open U
suchthatz e Uandy ¢ Uory € U and z ¢ U;

T, or Fréchet iff forall z € X, we have {z} closed;

T, or Hausdorff iff for any distinct x, y € X, there exists open U > z
and V > ysuchthatUNV = (.

Functionally Hausdorff iff for all distinct z,y € X there is continuous
f: X — Rsothat f(x) # f(y).

Regular iff For an closed set C' and point x ¢ C' there are open
UszandV D CsothatUNV = 0.

We will give convergence space analogues to these definitions, give net charac-
terizations of these definitions, establish some useful properties, and prove they
actually extend the topological notions.

Definition 2.4.1. A convergence space X is called T, or Kolmogorov when for any
x,y € X at least one of the following holds:
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1. there exists a filter 7 — x with F 4 y;
2. there exists a filter F — y with F 4 x;

Proposition 2.4.2. A convergence space X is Kolmogorov if and only if for each x € X at
least one of the following holds:

1. there exists a net o« — x with o /4 y;
2. there exists a net « — y with o /4 x;

Proposition 2.4.3. A topological space X is Kolmogorov if and only if €(X) is Kol-
mogorov.

Proof. Suppose X is a Kolmogorov topological space. Let 2,y € X. Without loss
of generality, there is some neighborhood U of z not containing y. We have that
N, — y, but we cannot have N, — z as this would require U € N (y). Thus, €(X)
is Kolmogorov.

Conversely, suppose €(X) is a Kolmogorov. Let z,y € X. Without loss of gen-
erality, there is a filter ¥ — x with F /4 y. Thus, F O N, but F 2 N,,. There is
thus a neighborhood U of y such that U ¢ F. Particularly, U ¢ N,. Thus, U is not
a neighborhood of z. QED

Definition 2.4.4. A convergence space X is called T, or Fréchet when forall z,y € X
we have [z] — y implies y = =.

Proposition 2.4.5. A convergence space X is Fréchet when for all x,y € X and nets «
with constant value x we have o — y implies y = x.

Proposition 2.4.6. A convergence space X is Fréchet if and only if for all x € X we have
{z} is closed.

Proof. Suppose X is a Fréchet convergence space and = € X. We have that {z} C
a({x}). Suppose y € a({z}). There is then some filter 7 — y with {z} € F. Thus,
[z] € F. But, [z] is an ultrafilter, so F = [z]. Thus, y = x. We have a({z}) = {z}
and {z} is closed.

Now, suppose that for all z € X, we have {z} is closed. Suppose z,y € X with
[z] = y. We then have that y € a({z}), so y = x. Therefore, X is Fréchet. QED

Corollary 2.4.7. A topological space X is Fréchet if and only if €(X) is Fréchet.

Definition 2.4.8. A convergence space X is called T, or Hausdorff whenif z,y € X
and there is a filter ¥ — x,y, then it must be that =z = y.

Proposition 2.4.9. A convergence space X is Hausdorff if and only if for all z,y € W
with a net o — x,y it must be that x = y.

Proposition 2.4.10. A topological space X is Hausdorff if and only if €(X) is Hausdorff.
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Proof. Suppose €(X) is Hausdorff. Let z,y € X be distinct points such that for
every U € N, and V € N,, we have U NV # (). We may then consider the filter

F={UNV:UeN, A VEN,}

which clearly satisfies F D N (z), N(y). Thus, F — z,y. We then have = = y. Thus,
X is Hausdorff in the topological sense.

Now, suppose that X is a Hausdorff topological space. Suppose z,y € X and
F — x,y. We then have that N'(z), N (y) C F. We then have that no two neighbor-
hoods of = and y may have trivial intersection (else ) € F). Since X is Hausdorff,
this means = = y. Thus, €(X) is Hausdorff. QED

Definition 2.4.11. A convergence space X is called functionally Hausdorff when for
all distinct x, y € X there is continuous f : X — R so that f(x) # f(y).

Proposition 2.4.12. A convergence space X is functionally Hausdorff if and only if the
weak convergence X, is Hausdorff.

Proof. Suppose X, is Hausdorff. Suppose z,y € X are such that for all continuous
f: X — Rwehave f(z) = f(y). We then have that f([z]) — f(y) for all continuous
f : X — R. Therefore, [x] —, y. Since [x] —, = and X, Hausdorff, we have that
T =1y.

Now, suppose X is functionally Hausdorff. Suppose z,y € X and there is a fil-
ter F —, x,y. Then for all f : X — R continuous, we have f(F) — f(z), f(y).
Since R is Hausdorff, f(z) = f(y). So, * = y and X, Hausdorff. QED

Proposition 2.4.13. Functionally Hausdorff spaces are Hausdorff.

Proof. This follows from the observation that convergence implies weak conver-
gence. QED

Definition 2.4.14. A convergence space X is is called reqular when for every z € X
and filter 7 — = we have a(F) — = where

a(F)=[{a(F): F e F}.
Proposition 2.4.15. A topological space X is regular if and only if €(X) is reqular.

Proof. Suppose X is a regular topological space. Suppose x € X and that there is a
filter ¥ — x. We then have that 7 O N,. Let N € N, be open. We then have that
X ~\ N is closed. There there are thus open U € NV, and V O X ~ N which do not
intersect. We then have that U € X ~ V which is closed. Therefore, U C X .V
and U C N. Since U € a(F) from U € F, we have N € a(F). Thus, a(F) D N, and
a(F) — zin €(X). Thus, €(X) is regular.

Suppose €(X) is regular. Let C C X closed and z € X ~ C. We then have that
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X \ C € N,. Since €(X) is regular, we have a(N,) O N,. Thus, there is open U
with

reUCUCX~C.

We then have that z € U and C C X \ U which have empty intersection. We
conclude that X is regular. QED

Definition 2.4.16. A convergence space X is called functionally regular when for
all € X and filters ¥ — x we have 7 — .

Proposition 2.4.17. Functionally regular spaces are regular.

Proof. This follows from the observation that for any filter F we have a(F) 2 F
which in turn follows from the observation that for any subset F' of the ambient
space, F’ D a(F). QED

Separation often interacts well with subspaces.
Proposition 2.4.18. If X is a convergence space and S C X is a subspace, then S is
1. Fréchet if X is;
2. Hausdorff if X is;
3. Functionally Hausdorff if X is;
4. Regular if X is;
5. Functionally reqular if X is.

Proof. The proofs of (1) and (2) are straightforward, especially if one considers the
contrapositive.

For (3), one may separate points of the subspace by continuous functions out of
S and then restrict these to S.

For (4), note that if F is a filter on X, then [ag(F)] 2 a([F]) as filters on X. A
similar observation suffices to prove (5). QED

2.5 Compactness

Compactness is an incredibly significant property in the study of topological spaces.
This section discusses the extension of this notion to convergence spaces and ob-
tains a painless proof of Tychonoff’s theorem. It then covers local compactness.

Definition 2.5.1. A convergence space X is compact when every ultrafilter on X
converges. A subset K of X is called compact when it is compact once equipped
with the subspace convergence structure
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Remark 2.5.2. From Theorem we have that compactness is certainly equivalent
to every universal net in X converging.

This succinct definition can be reformulated to be more similar to the statement
that in metric spaces a space is compact precisely when it is sequentially compact,
that is, each sequence has a convergent subsequence.

Proposition 2.5.3. If X is a convergence space, the following are equivalent.
1. X is compact.
2. For every filter F on X, there is a filter G O F so that G converges.
3. Every net in X has a converging subnet.

Proof. Suppose X is compact. Let F be a filter on X. By Theorem we may
tind an ultrafilter &/ © F. Since X is compact, I/ converges.

Next, suppose that for every filter 7 on X, there is a filter G O F so that G con-
verges. Let o be a net in X. We may find a converging filter G O £(a). We then
have that 7(G) is a converging subnet of a.

Suppose that every net in X has a converging subnet. Thus, since no universal net
on X has s proper subnet, each universal subnet of X converges, and X is compact.

We have shown (1) implies (2) implies (3) implies (1) and so have established the
desired equivalence. QED

While compactness can be defined as above directly using convergence, it can at
times be useful to have a characterization resembling open cover compactness.

Definition 2.5.4. If X > z is a convergence space, a local covering system at x is a
collection C of subsets of X so that whenever F — z in X, we have F N C # 0. If
A C X, a covering system for A in X is a collection C of subsets of X which is a local
covering system at each + € A. We then call a covering system of X in X a covering
system of X

Remark 2.5.5. Covering systems are a clear generalization of open covers. As such,
it is not hard to check that Corollary [2.3.16|and its corollary hold if the open sets
involved are replaced with a covering system.

Theorem 2.5.6. A convergence space X is compact if and only if for each covering system
C of X there exists finite C' C C with X = JC'.

Proof. Assume X is a convergence space with covering system C without finite
subset covering X. It is then the case for all C}, ..., C,, € C that
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We may then find an ultrafilter
UD{XNC:CeC}

There can be no z € X so that i/ — z. As otherwise, there would be C € U4 N C.
Thus, X is not compact.

For the other direction, assume X is a convergence space so that all covering sys-
tems of X have finite subset covering X. Suppose for contradiction there is a non-
converging ultrafilter Z/ on X. We then have that for all converging filters 7 on X
that Y 2 F. Thus, for each such F, there is Fr € F with Fr ¢ U. We then have
that

C = {Fr : F aconverging filter on X'}

is a covering system with C N U = (). We find finite C’ C C covering X. But since U
is an ultrafilter, we have that X ~ C e U forall C € C’, so

Us (NxX~o)=x~Jo=0n

cec’

This contradiction proves that all ultrafilters on X converge and therefore X is
compact. QED

Corollary 2.5.7. A subset K of convergence space X is compact if and only if each cover-
ing system of K in X has finite subset covering K.

Proof. Let X be a convergence space with compact subset K. Let C be a covering
system of K in X. We claim

C'={CNK:CecC}

is a covering system of K. Let « — z be a net in K. We have that « — 2 in X as
well. Thus, there is C' € C with o €., C. Since « takes values only in K, we have
that o €., C' N K. Thus, C* has finite subset covering K which clearly gives a finite
subset of C covering K.

Assume now that K C X has the property that all covering systems of K in
X have finite subset covering K. Let C be a covering system of K and define
C*={CU(X NK):C €CC}. Letx € K and F be a filter on X with F — z in
X. If (X N\ K) € F, then there is C € C* with C € F. Suppose otherwise, that
X N K ¢ F. Thenno F € F is contained in X \ K and we have K N F' # (). Let

Flx=[{FNK:FeF}g

be a filter on K. We observe that its inflation [F|x]x to X satisfies [F|x]x 2 F and
so F|x — xin K. There is then C € C with C € F|k. Thus, there is F € F with
C O F N K for which it follows that CU (X N\ K) D Fand CU (X \ K) € FNC*.
Therefore, C* is a covering system of K in X. It therefore, has finite subset covering
K. This then gives finite subset of C covering K. QED
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Corollary 2.5.8. If X is a compact topological space, €(X) is compact. If Y is a compact
convergence space T(X) is compact.

Proof. Let C be a covering system for €(X). For each z € X, thereis C, € C so
that C;, € N,. Thus, there is an open subset U, of X with x € U, C C,. Since
{U, : x € X} is an open cover for compact X, it has finite subcover. This witnesses
a finite subset of C covering X. Therefore, €(X) is compact.

Any open cover for T(Y) is a covering system for Y. Compactness of Y then guar-
antees a finite subcover. QED

Corollary 2.5.9. A topological space X is compact if and only if €(X) is.

We now prove some properties of compact spaces which should be familiar from
topological or more sequence dependent settings.

Proposition 2.5.10. Suppose X is a convergence space and K C X compact. Fix a filter
Fon X. If FNK # 0 forall F € F, and particularly if K € F, then F has converging
extension.

Proof. We have that F|f is a filter on K. It thus has ultrafilter extension &/ which
converges in K. Thus, /] D F converges in X. QED

Proposition 2.5.11. If X is a compact convergence space and & is a collection of closed
subsets of X so that no finite intersection of the element of £ is empty, then (€ # 0.

Proof. We have that £ generates a filter [£]. Let U/ be an ultrafilter extending [£].
We have some x € X withf — z. Suppose E € &, then E € U. It follows that
x € a(F). But, thus x € E since F is closed. Therefore, z € [ €. QED

Proposition 2.5.12. Let X be a convergence space with closed subset A and compact
subset K. The set AN K is compact when given its subspace convergence structure.

Proof. Suppose w is a universal net in A N K. By codomain extension, w is also
universal in A, K, and X Since K is compact, w — z for some z € K. Since w is
also a netin A, we have x € a(A) = A. So, x € K N A. Each universal netin AN K
converges, so A N K is compact. QED

Corollary 2.5.13. Closed subsets of compact sets are compact.
Proposition 2.5.14. Compact subsets of Hausdorff convergence spaces are closed.

Proof. Suppose X is a Hausdorff convergence space and K C X is compact. Sup-
pose that © € a(K). We then have a net « — = which is eventually in K. Since K
is compact, this net has a subnet converging in K. But this subnet must converge
to x as & — z. But limits are unique since X is Hausdorff, so x € K. Therefore,
K =a(K) and K is closed. QED
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Lemma 2.5.15. If f : X — Y is a continuous mapping of convergence spaces and C is a
covering system of Y, then

fHe={r'©):cect.
is a covering system for X.

Proof. Suppose F € ®(X) and z € X with 7 — z. By continuity of f, we have
that f(F) — f(z). There is then C' € C with C' € f(F). There is then F' € F with
C D f(F). Thus, F C f~(C) and f~!(C) € F. Therefore, F N f~'(C) # 0 and
f71(C) is a covering system as desired. QED

Proposition 2.5.16. If XY are convergence spaces, X compact, and f : X — Y a
continuous surjection, then Y is compact.

Proof. Suppose C is a covering system for Y. By the preceding lemma, we have
that f~!(C) is a covering system for X. Since X is compact, there are (1, ...,C,, € C
so that f~!(Cy), ..., f~1(C,) covers X. By surjectivity of f, we have that Ci, ...,C,
covers Y. By Theorem[2.5.6, Y is compact. QED

Proposition 2.5.17. If X is a compact convergence space, then for any convergence space
Y the projection o : X XY — Y is closed; that is, whenever C C X x Y is closed, w5 (C)
is also closed.

Proof. Fix a compact space X, a convergence space Y, and C' C X x Y closed. Let
o' @ A — my(C) be anet with o/ — y for some y € Y. We produceaneta : A — C
so that my () = /. Since X is compact, 7 («) has a subnet § : B — X converging
to some z € X. By Corollary we may assume that /5 is a Willard subnet of
m (c). Thus, there is a monotone final map ¢ : B — A so that

A1 x

1.4

B
commutes. Define vy : B -+ X x Y by 7 = a o «. Since ¢ is monotone and final, we
have that 7 is a subnet of . Therefore, mo(y) — y since my(7y) is a subnet of 7o («).
Further, m(v) = 3, so mi(y) — x. We conclude that v — (z,y). Since v : A — C, we

may be assured that v is a net in C'. Since C'is closed, (z,y) € C. Thus, y € m(C).
So 7y (C') contains its adherence and is closed. QED

Theorem 2.5.18. If { X, : i € I} is a family of compact convergence spaces, X = [],.; X;
is compact.

Proof. Suppose w is a universal net in X. For each i € I, let 7; : X — X, be the
projection onto the i-th coordinate. By Proposition[1.5.7, we have that each m;(w) is
universal. Since X, is compact, m;(w) — z; for some i € I. By definition of product
convergence structure, we have w — (z;);e;. Each universal net in X converges, so
X is compact. QED
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Corollary 2.5.19 (Tychonoff’s Theorem). If { X, : i € I} is a family of compact topolog-
ical spaces, X = [],.; X is compact.

Proof. For each i € I, we have by Corollary that €(X;) is compact. Thus, the
product of the €(X;) is compact. Again by Corollary and Corollary[2.3.19

X = ‘I@(HXZ-) - ‘Z(HC(X),»)

il il
is compact. QED
We now give the convergence space analogue of local compactness.

Definition 2.5.20. A convergence space X is called locally compact when it is Haus-
dorff and every converging filter on X contains a compact set.

Remark 2.5.21. We can state this with nets as X is locally compact when it is Haus-
dorff and every net a converging to x € X is eventually within a compact set
containing x.

Proposition 2.5.22. Any closed subset of a locally compact topological space is locally
compact when endowed with the subspace convergence structure.

Proof. Let A be a closed subset of a locally compact convergence space X. Give
A the subspace convergence structure. Suppose F is a filter on A and 7 — a for
some a € A. Letting i : A — X be the usual injection, we have that i(F) — a. We
then have that i(F) contains a compact set X' C X. There is then some F' € F so
that K O F'. Wehavethat ANK D ANF = Fsothat AN K € F. Since A is closed
and K compact, we have that AN K is compact by Proposition QED

2.6 Types of Convergence Spaces

In this section we discuss several classes of convergence spaces: topological, pre-
topological, and Choquet spaces. We have already seen some results pertaining to
topological convergence spaces and a functor which turns any convergence space
into a topological convergence space. Likewise, each other class of convergence
spaces introduced here will have such a functor. Additionally, later sections will
introduce yet more classes of convergence spaces and functors transforming gen-
eral convergence spaces into spaces of the relevant class. Thus, we will first discuss
the properties of these functors in abstract.

2.6.1 Modifications

Definition 2.6.1. A modification of convergence spaces is a pair (M, ;). Here, M is a
functor M : CONV — CONV. A convergence space X is called an M-space when
there is a convergence space Y so that X = M(Y). Further, i is a natural transfor-
mation p : idconv — M so that the component of i at a convergence space X is
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a homeomorphism if and only if X is an AM-space. A modification is called strict
when each of the components of ;. is a bijection.

Example 2.6.2. Suppose {X; : i € I} is a family of convergence spaces. For any
convergence space X, define M (X) to be X with the initial convergence structure
relative to

Jox, xi).

icl

For each convergence space X define 1y : X — M (X) by  — «. It is not difficult
to check that this is a strict modification.

Proposition 2.6.3. If (M, 1) is a modification, a convergence space X is an M-space if
and only if jux is a homeomorphism.

Proof. The result is clear if X = M(X) via ux. So, suppose X is an M-space. We
then have a convergence space Y and homeomorphism f : X — M(Y'). Consider
the naturality square

x —1 5 My
X lﬂM(x)

M(X) e MM(Y)

Certainly, M(Y') is an M-space. Thus, jir(y) is @ homeomorphism. Thus, ux =
M(f)" paryy f is a homeomorphism. QED

Proposition 2.6.4. Fix a modification (M, u). If X is a convergence space, Y an M-space,
and f : X — Y is continuous, there is a continuous map f : M(X) — Y so that

X ! .Y
M(X)

commutes. If (M, ) is strict, fis unique.

Proof. Certainly, by naturality of 1, we can obtain a function with the desired prop-
erty by F=pyto M(f). If (M, () is strict, then given any f making the dlagram
commute, we may obtain f=fo 5 . We note that uy' o M(f) = f o uy' by
naturality of . Thus, Fis unique. QED

Proposition 2.6.5. Suppose (M, 1) is a strict modification. If X is a convergence space
carrying the initial convergence structure with respect to a family {f;, : X — X, | i € I}
where each X; is a M-space, then X is an M-space.

Proof. For each i € I, consider the commutative diagram
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Ly,

X
R

M(X) = M(X)

Since each X; is an M-space, we have that each 1! is continuous. Thus, for eachi €
I we have f; o u' is continuous. By the universal property of initial convergence
spaces, we have that u3' is continuous. We conclude that X is an M-space. QED

Definition 2.6.6. If (M, 1) is a modification, we define M-CONV to be the full sub-
category of CONV with objects M -spaces and morphisms continuous mappings.

Proposition 2.6.7. If (M, u) is a strict modification, M is left adjoint to the inclusion
U : M-CONV — CONV.

Proof. Observe that for any convergence space X and M space Y, the diagrams

X —" 5 M(X) M(X) 255 MM(X)

1 —1
Hx T T’”LJM(X) ldAm L“M(X)

M(X) o= MM(X)

commute (the first by naturality and the second by the first) and trivially

Yy 2 M(Y)
idy l'u;/l
Y

commutes. Thus, the adjunction between M and U is witnessed by unit ; and
counit p 1. QED

Corollary 2.6.8. Modifications are cocontinuous as functors.

2.6.2 Topological Convergence Spaces

The first major classification of convergence spaces has already been encountered:
topological convergence spaces. The associated modification has also been seen
before.

Definition 2.6.9. The topological modification is the pair (o, 7) where 0 : CONV —
CONV is given by 0 = €% and 7 is the natural transformation with components 7x
introduced in Theorem 2.2.12]

Remark 2.6.10. We have from Theorem [2.2.12] Lemma [2.2.13} and Corollary 2.2.16
that (o, 7) is a strict modification of convergence spaces.

The main result of this section is the following classification of topological conver-
gence spaces.
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Theorem 2.6.11. A convergence space X is topological if and only if
1. for every x € X, we have V, — x;
2. forevery S C X, we have that a(S) is closed.

Proof. Suppose X is a topological convergence space. Thus, by Remark we
have that A, = V, for each = € X; that is, the neighborhood filter from the un-
derlying topological space and the vicinity filter in X coincide. Since N, — z, we
have V, — z. This is (1).

To show that a(9) is closed, we will show a(S) = S. We already have a(S) C S by
Corollary Now, suppose = € S. Then each neighborhood of z intersects S
non-trivially. We may thus choose one element from each intersection to construct
anet in S converging to x. Thus, = € a(S) and a(S) = S so that a(S) is closed. This
is (2).

Now, suppose X is a convergence space satisfying (1) and (2). We will prove
o(X) = X. Let z € X and let V' be a vicinity of z in X. Every filter ¥ — z
in X contains V. Thus, no filter converging to x contains X \ V. Therefore,
r e XNaX\V)CV.Since X \ a(X \ V) is open, we have that V' is a neigh-
borhood of z. Further, since V, — z, we have that V, 2 N, and thus V, = N,.. We
conclude that a filter in X converges to x if and only if it contains A,. Therefore,
X = o(X) and X is topological. QED

In Proposition[2.5.11) we proved a property of compact spaces which is well known
to be equivalent to compactness in topological spaces. We now give a proof of this
equivalence in which the role of conditions (1) and (2) in the above are apparent.

Corollary 2.6.12. A topological space X is compact if and only if whenever & is a collection
of closed subsets of X so that no finite intersection of the element of £ is empty, then

NeE #0.
Proof. The case in which X is compact follows from the like result for convergence

spaces given by Proposition2.5.11

Suppose whenever £ is a collection of closed subsets of X so that no finite inter-
section of the element of £ is empty, then [ € # 0. Let U be an ultrafilter on X. Let
€ ={a(U) : U € U}. Note that since X is topological and ¢/ is a filter, we have that
& consists of closed sets and has the desired finite intersection property. We thus
have that there is some = € (| €. Thus, for each U € U, we have some filter F; — x
with U € Fy. Since X is topological, 7y 2 N,. Thus, for each neighborhood N
of v and U € U, we have N N U # (). It follows that X \ U ¢ U. Thus, N € U
since i/ is an ultrafilter. Thus, 4 O N,. We conclude that &/ — x. Therefore, X is
compact. QED

Corollary 2.6.13. If X is a topological convergence space and S C X, then a(S) = S, the
usual topological closure of S in T(X).
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Corollary 2.6.14. If X is a topological space and S C X, the following are equivalent
1. Sis closed;
2. x € S whenever there is a filter F — x with S € F;

3. x € S whenever there is a net o« — x so that o €,, S.

2.6.3 Pretopological Spaces

In Theorem [2.6.11} we proved that in order for a convergence space to be topolog-
ical, the vicinity filter must converge. Such spaces are called pretopological.

Definition 2.6.15. A convergence space X is pretopological when V, — z for each
r € X.

Remark 2.6.16. In a pretopological space X, a filter F converges to x if and only if
F 2V,

Definition 2.6.17. The pretopological modification is the pair (II, 7). The functor II :
CONV — CONV sends convergence space X to X equipped with the convergence
structure

F =2 <= F2V,

and II has no effect on morphisms. The natural transformation 7 : idcony — II has
component 7y : X — II(X) given by x — z at convergence space X.

It must of course be proven that the above definition makes sense.

Theorem 2.6.18. The pretopological modification is a strict modification of convergence
spaces.

Proof. We must verify that

(a) As defined, II is a functor.

(b) as defined, 7 is a natural transformation.
(c) The pair (II, ) is a strict modification.

To check the functoriality of 1I, we first verify that if X is a convergence space, then
sois II(X). If x € X, then we have that [z] — xin X. So, [z] D V, and [z| —, z. If
filters F,G —, z,then F,G DV, and FNG D V,sothat FNG —, x. f F -, x
and G O F,thenG DO F DV, and G —, x. Therefore, II(X) is a convergence space.

Next, we must check that if f : X — Y is a continuous mapping of convergence
spaces, then II(f) : II(X) — II(Y') is continuous. To see this, take x € X and filter
F —x x. Then, F 2 V,. By Proposition 2.2.25, we have then that f(F) 2 V() and
f(F) == f(x) as desired for continuity of II(f).
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Thus, we have (a), the functoriality of II. We now consider (b).

Since the necessary naturality diagram is trivial, we need only show that 7x : X —
II(X) is continuous for each convergence space X. But this is apparent: any filter
F converging to x in X contains V, and so 7 —, x. This is exactly the continuity
of mx as required for (b).

Lastly, we consider (c). Strictness is clear. Now, suppose X is a convergence
space and 7y is a homeomorphism. By continuity of 7, !, we have that V, — =
since V, —, z. This is exactly that X = IIII(X). Further, suppose there is some
convergence space Y with homeomorphism f : X — II(Y). Then, we have the
commutative naturality diagram

x —L )
X TI(Y)

M(X) — TI(Y)
I(£)
It is clear that II(Y") = III(Y) and so 7yy) is @ homeomorphism. Thus, 7x =
II(f)~' o vy © f is @ homeomorphism. Thus, (II,7) is a strict modification as
desired for (c). QED

Remark 2.6.19. We note from the proof of part (c) that the pretopological spaces
defined in Definition 2.6.15|and II-spaces of Definition are the same.

Proposition 2.6.20. If X is a convergence space and S C X, then a(S) = a.(S) where
these are the adherences of S in X and I1(X) respectively.

Proof. If x € a(S), then there is a net o in S with o — . Since 7y is continuous,
a =, xand z € a,(95). Thus, a(S) C a.(S).

Suppose on the other hand that # ¢ a(S). Then for every filter ¥ — z in X,
we have that ' NS = () for some F' € F. Otherwise, F N S — x witnesses that
x € a(9). Thus, X \ S is a vicinity of x. therefore, no filter containing S may extend
V.. Thus, x ¢ a,(S).

We conclude that a(S) = a,(S5) as desired. QED

2.6.4 Choquet Spaces

When studying the convergence of sequences in a metric (or even topological)
space, one often makes use of the resultf] that a sequence « failing to converge
to a point z is equivalent to there being a subsequence /3 of a no subsequence of

2Though not presented exactly as such, this result is a key idea of Ordman’s proof in [Ord66]
that almost everywhere convergence is not topological.
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which converges to z.

We will see that the convergence space analogue of this result fails to hold in gen-
eral. First, we will define this analogue and give a few characterizations.

Definition 2.6.21. A convergence space X, is called Chogquet when a filter 7 € ®(X)
converges to x € X whenever every ultrafilter extension of F converges to .

Remark 2.6.22. Other sources, e.g. [Pat14], refer to these as pseudotopological spaces.
Proposition 2.6.23. If X is a convergence space, the following are equivalent

1. X is Choquet;

2. Anet ain X converges to v € X if each of its universal subnets converges to x;

3. A filter F € ®(X) converges to v € X if for every filter G O F there is a filter
H D G sothat H — z;

4. A net avin X converges to x € X if for every subnet [3 of « there is a subnet ~y of
so that v — x.

Proof. The equivalence of (1) and (2) and the equivalence of (3) and (4) are appar-
ent.

Suppose X is Choquet. Suppose F € ®(X) and z € X is such that for every
filter G O F thereis a filter X O G so that H — =. If U D F is an ultrafilter, then
each of its filter extensions coincide with U/, so Y — z. Since X is Choquet, F — z.
This is (3).

Now, suppose (3). Suppose F € ®(X) and € X is such that each ultrafilter
U O F converges to z. Suppose there is a filter G O F. Extending G to an ultrafilter
U we have that i/ — z. By (3), we have 7 — z. Therefore, X is Choquet.

We have now established that (1) and (3) are equivalent. Thus, (1) through (4)
are equivalent. QED

Statement (4) in the above is analogous to the contrapositive of that sequential
statement at the start of this section. We now show that not all convergence spaces
are Choquet.

Example 2.6.24. Consider R? with the convergence structure 7 — x when F con-
verges to x in the usual (topological) convergence structure and F extends a finite
intersection of ultrafilters. It is not hard to check that this is a convergence struc-
ture in which the convergence of ultrafilters is exactly the same as in the usual
convergence structure on R?. We claim this is not Choquet.

Let Aj denote the neighborhood filter of 0 in R Certainly, each ultrafilter ex-
tension of ; converges to 0. We claim that V; does not extend a finite intersection
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of ultrafilters and thus cannot converge. By Proposition it suffices to show
that A has infinitely many ultrafilter extensions.

Let N € Nand vy, ..., vy be non-parallel unit vectors. Define for eachi =1,..., N
0 ={tv; : t € (0,1)}.
and
Fi =Ny Nt

For each i = 1, ..., N let U; be an ultrafilter extension of F;. Note that ¢; € U; and
(R* N ¢;) € U; for each i,j = 1,..., N with j # i. Thus, the ultrafilters U, ..., Uy are
distinct. As this procedure can be carried out for any N € N, we have that N/, has
infinitely many ultrafilter extensions. We conclude that R? with this convergence
structure is not Choquet.

As with topological and pretopological spaces, there is a modification turning any
space into a Choquet space.

Lemma 2.6.25. For each convergence space X, the relation on ®(X) x X given by F —,
x exactly when U — x for each ultrafilter U O F is a Choquet convergence structure on
X.

Proof. The only property of convergence spaces requiring work is that the inter-
section of two filters converging to x € X itself converges to x. This follows from

Proposition [1.6.4}
This convergence structure is clearly Choquet since it agrees with the original con-

vergence structure on ultrafilters. QED

Definition 2.6.26. If X is a convergence space, ch(X) denotes X with the above
convergence structure.

Remark 2.6.27. A convergence space X is Choquet if and only if X = ch(X).

Lemma 2.6.28. If f : X — Y is a continuous mapping of convergence spaces, then
ch(f) : ch(X) — ch(Y) defined by x — f(x) is continuous.

Proof. Suppose x € X with filter 7 —4 x. Suppose U O f(F) is an ultrafilter.
Recall the preimage filter f~!(i/) from Proposition[1.5.9]

Suppose F € F and U € U. Since f(F) € f(F), we have that f(F) N U # 0.
Thus, F'N f~1(U) # 0. We may thus consider the filter

H=[{FNV:FeFandV e (U}

Observe that H D F, f~1(U). Let V DO H be an ultrafilter. Since V 2 F, we have
that V — z. Since V 2 f~1(U), we have

fO) 217U 2u
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and f(V) = U since U is an ultrafilter. We then have that / — f(x) by continuity
of f.

As this holds for all ultrafilters extending f(F), we have that f(F) = f(z) and
ch(f) is continuous. QED

Lemma 2.6.29. For each convergence space X, the map xx : X — ch(X) givenby x — x
is continuous.

Proof. If F is a filter on X and = € X with 7 — z, then each ultrafilter extension of
F converges to x € X. Thus, F —a z. QED

Lemma 2.6.30. If X is a convergence space, then X = ch(Y') for some convergence space
Y if and only if x x is a homeomorphism.

Proof. If x x is a homeomorphism, then X = ch(X).

Suppose X = ch(Y') for some convergence space Y. We then have the commu-
tative diagram

X —= ch(Y)
XX lXch(Y)
ch(X) +—— chch(Y)

Since ch(Y’) is Choquet, we have that y(y) is a homeomorphism, from which it
follows that x x has continuous inverse and is a homeomorphism. QED

The preceding lemmas allow us to prove the following theorem.

Theorem 2.6.31. The pair (ch, x) is a strict modification and the ch-spaces of this modifi-
cation are exactly the Choquet spaces.

The following is a sometimes useful characterization of convergence in the Cho-
quet modification.

Proposition 2.6.32. If X is a convergence space and x € X, then a filter F —, x if and
only if for every local covering system C at x in X there are finitely many C1,...,C,, € C
sothat CLU---UC, € F.

Proof. Suppose F —«  and C is a local covering system at  in X. Suppose that
no finite union of elements of C is contained in 7. We may then take an ultrafilter

UD{FN(X\NC):CeC, FeF}

We have that i/ O F butid N C = (. This contradicts F —4, =, and so C contains a
finite subset whose union is contained in F.

Next, suppose that for every local covering system C at x in X there are finitely
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many C1,...,C, € Csothat C; U---UC,, € F. Suppose that I/ is an ultrafilter on X
which does not converge to x. Then, all ultrafilters which do converge to x differ
from U at at least one element. Choose one such element from each converging
filter and include them into a local covering system at z. From Corollary we
have U cannot extend F. Therefore, every ultrafilter extension of F converges to x
and F —a . QED

We now investigate some of the properties of Choquet spaces, first in relation to
the other types of spaces we have seen.

Proposition 2.6.33. All pretopological spaces are Choquet.

Proof. Suppose X is a pretopological convergence space. Suppose « is a net in X
which does not converge to = € X. Itis then the case that o &., V' for some vicinity
V of z. We may then find a subnet 3 of o never within V. This subnet has no subnet
converging to z. This is the contrapositive of statement (4) in Proposition
Thus, X is Choquet. QED

Corollary 2.6.34. All topological spaces are Choquet.

Corollary 2.6.35. If X is a convergence space, each of the “identity” maps
X = ch(X) — II(X) — o(X)
are continuous.

Proof. We have that 7x : X — II(X) is continuous. Since II(X) is Choquet, we
have that the identity ch(X) — II(X) is exactly ch(7x) which is continuous. The
other identity is subject to the same reasoning. QED

The following result is familiar from the setting of topological spaces.

Proposition 2.6.36. Suppose X is a compact Choquet space and Y is Hausdorff. Every
continuous bijection f : X — Y is a homeomorphism.

Proof. Let o be anetin Y with o — y for some y € Y. Let w be a universal subnet
of f~1(a). Since X is compact, there is some z so that w — z. By continuity of f, we
have that f(w) — f(z). Since f(w) is a subnet of o, we have f(w) — y. Given that Y’
is Hausdorff, f(z) = y. Therefore, w — f~!(y) for each universal subnet of f~!(«)
and f~!(a) = f~!(y) since X is Choquet. We conclude that f~! is continuous and
[ is a homeomorphism. QED

The requirement that X is Choquet cannot be dropped. To see this, restrict the
convergence spaces of Example to a compact neighborhood K of the origin.
Abusively, let K denote this set with its usual convergence structure and K’ denote
this set with the described non Choquet convergence structure. We have that K’ is
compact since the convergence of ultrafilters in K’ coincides with that in K. The
“identity” K’ — K is a continuous bijection between compact Hausdorff spaces
which is not a homeomorphism.
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Proposition 2.6.37. Let X and Y be convergence spaces with X Choquet and Y locally
compact. If f : X — Y is a continuous bijection and for each compact L C'Y there exists
compact K C X so that L C f(K), then f is a homeomorphism.

Proof. Suppose f(z) = y € Y and that there is some net « — y in Y. We wish to
show that f~(a) — z. Since X is Choquet, it suffices to show that every subnet of
/7 !(«) itself has a subnet converging to z. Let 3 be a subnet of f~!(«). Since Y is
locally compact, we have some some compact L C Y so that « is eventually in L.
It follows that f~'(«) is eventually in f~'(L). By the hypotheses above, we have
some K C X compact so that f~'(L) C K. Therefore, f~!(a) €.y K. We then have
that 3 €., K. Now we have that a tail of 3 is contained in a compact set. Thus,
3 has a converging subnet. Call this converging subnet v and its limit z. By the
continuity of f, we have that f(vy) — f(z). Since v is a subnet of f~(«a), we see
that f(v) is a subnet of a and thus converges to f(z). But f() has a unique limit
since Y is Hausdorff. Therefore, f(z) = f(z) and x = z since f is a bijection. We
conclude from the fact that X is Choquet that f~!(a) — x. From this we have that
/! is continuous so that f is a homeomorphism. QED

We end this section with a result giving sufficient conditions for the Choquet and
pretopological modifications of a space to be topological.

Theorem 2.6.38. If X is a compact, reqular, Hausdorff convergence space, then
ch(X) =7n(X) = o(X).

Proof. To show that ch(X) = II(X), it is enough to show that the “identity” map-
ping ch(X) — II(X) is a homeomorphism. This map is a continuous bijection, so
by Proposition it suffices to show ch(X) compact and II(X) Hausdorff. If ¢/
is an ultrafilter on ch(X), then U converges in X so it converges in ch(X) so that
ch(X) is compact. We next show that I1(X') is Hausdorff. Suppose there is a filter
F on X with z,y € X with F —, x,y. We extend F to an ultrafilter Y —, x,.
Since X is compact, we have that i/ — z for some z € X. Since X is regular, we
have that a(U/) — 2. We then see that a(i/) = a,(U) and a.(U) — z. Suppose U € U.
And consider the filter

Vi=[{VNU:V eV}

We have that U € V* and V* D V,. Therefore, V* —, x and z € a,(U). It follows
that [z], [y] 2 a-(U) and [z], [y] — z. Since X is Hausdorff, we have that z = z = 4.
It then follows that I1(X) is Hausdorff. At last we have I1(X) = ch(X).

We now prove that I1(X) = o(X). We first show that a, is idempotent. Let S C X.
To show that a(S) = a,(S) is closed, it suffices to show that it is compact since
X is Hausdorff. To show that a,(S) is compact it suffices to show that a(A) is a
compact subset of X since the continuous image of a compact set is compact. We
will show this is compact by showing that each of its covering systems has finite
subset covering X.
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Let Cy be a covering system for a(A) in X. For each filter F converging in X to
an element of a(.5), we have that a(F) converges to the same limit since X is reg-
ular. Therefore, a(F) N Cy # (. There is then some Cr € a(F) N Cy. There is then
Fr € Fsothat Cr D a(Fr). Letting C = {Fr : F converges to a point in a(S5) }, we
have another covering system for a(S) each element of which is fully contained in
an element of C,.

We now claim that C admits finite subset covering S. Suppose otherwise. We
may then take an ultrafilter

UD{S\C:CecC}
Since X is compact, we have that U/ converges. Since S € U, the limit of / is in

a(S). But then U N C # (. This is impossible, so C has finite subset covering S.

We now may find C, ..., C, so that
SCCiuCu---uUC,
from which it follows that
a(S) Ca(Cy)Ua(Cy) U---Ua(Cy).
We may inflate each of the C, ..., C,, to elements of C, which thus has a finite subset

covering a(.5).

We now have that II(X) is pretopological with idempotent closure. Therefore,
II(X) is topological and thus II(X) = oII(X). We have thatid : X — II(X) is con-
tinuous. By functoriality of the topological modification, we have thatid : o(X) —
olI(X) = II(X) is continuous. Since id : II(X) — o(X) is continuous, we have that
II(X) = o(X) via the identity map. Immediately, we have II(X) = o(X). QED

Corollary 2.6.39. Compact, reqular, Hausdorff, Choquet spaces are topological.

2.6.5 Tychonoff Modification

Recall that a topological space X is called Tychonoff when for every point z € X
and closed S C X \ {z} there is a continuous map f : X — [0,1] so that f(z) =1
and f(S) = {0}. This section details a modification which turns any convergence
space into a Tychonoff topological convergence space.

Definition 2.6.40. Let K be either R or C with its usual topology. For a convergence
space X, define an equivalence relation ~ on X by

x ~ywhen f(z) = f(y) forall f € C(X,K)

Define tych(X) := X/ ~and ¢ : X — tych(X) to be the quotient map correspond-
ing to ~. For every f € C(X,K), there is a function f : tych(X) — K so that



2.6. Types of Convergence Spaces 61

X

commutes. The set tych(X) along with the initial convergence structure over {f:
f € C(X,K)} is called the Tychonoff modification of X.

Remark 2.6.41. Since tych(X) carries the initial convergence structure over K which
is topological, we have by Proposition that tych(X) is topological.

There is some concern about the well definition of the Tychonoff modification
given that the definition allows the ground field to be either R or C. We will show
that the Tychonoff modification is independent of the choice of ground field.

Proposition 2.6.42. For a convergence space X we denote by tychg(X) the Tychonoff
modification of X over ground field R and denote by tychq(X) the Tychonoff modification
of X over ground field C, then tychy(X) = tyche(X).

Proof. Suppose x,y € X are such that for all f € C(X,R) we have f(z) = f(y).
Let g € C(X,C). We may write g = g1 + g2t for some g1, g, € C(X,R) since the
projections of C onto R are continuous. Thus, f(z) = g(y).

Suppose instead x,y € X are such that for all f € C(X,C) we have f(z) = f(y).
Let g € C(X,R). We then have that e o g : X — C is continuous wheree : R — C
is the usual inclusion. Thus, g(z) = ¢g(y). We conclude that tychy (X) and tychq(X)
have the same underlying set. Suppose that f € C(X,R). We then have that
eof : X — Ciscontinuous. Thus, we have efg/f : tyche (X)) — C. But the projection
of this to R is just f. Thus, the “identity” map tych(X) — tychg(X) is continuous
by the universal property of the initial convergence structure. A similar argument
shows that its inverse is continuous. We thus have tychy (X) = tychs(X) where in
fact this homeomorphism is an equality. QED

We will next prove that the Tychonoff modification of a convergence space is actu-
ally Tychonoff as a topological space. To do so, we will make use of the Stone-Cech
compactification (Appendix [C.2), the fact that metric spaces, and in particular R
and C, are normal, and the following lemma.

Lemma 2.6.43. Suppose X is a convergence space and f € C'(X,K). For each € > 0 there
is some g € C(X,K) so that g(z) = f(x) forall x € X with |f(z)| < eand |g(z)| = €
otherwise.

Proof. We define A : X — Kby

Lo s
A {e/lf(w)! clse
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and claim A is continuous. We merely check the conditions of Proposition 2.3.15
of which only (4) must be considered in detail. Let A = {z € X : |f(z)| < €} and
B=Xx\A.

Since | f| is continuous and B (0) closed, no net in A may converge to an element
of B.

Suppose there is a net in 5 converging to an element = in A. Again by continu-
ity of | f| it must be that |f(x)| = € so that ¢/|f(z)| = 1. We may thus safely use

Proposition [2.3.15

The function g : X — K given by g(z) = A(z)f(z) has all of the desired prop-
erties. QED

Theorem 2.6.44. If X is a convergence space, tych(X) is Tychonoff.

Proof. Fix a convergence space X. From the discussion in Remark we have
that tych(X) is topological. To show tych(X) is Tychonoff, it suffices by Propo-
sition to show that tych(X) is homeomorphic to a subspace of a compact
Hausdorff space. Specifically, we will show that the continuous map 7 : tych(X) —
B tych(X) which maps tych(X) to its Stone-Cech compactification is an embedding.

We first show that 7 is an injection. Let 2,y € X be such that ¢(z) # ¢(y). There is
then a continuous map f : X — Rso that f(z) # f(y). Since {f(z)} and {f(y)} are
disjoint closed subsets of K which is normal, there is continuous r : K — [0, 1] so
that (f(z)) = 1 and r(f(y)) = 0. Since [0, 1] is compact and Hausdorff, there is by

Proposition |C.2.7|a unique continuous map o f: Btych(X) — K so that

rof

tych(X) > [0, 1]

B tych(X)

— —

commutes. We thus have that 778?(77((1(3;))) = 1 and @(n(q(y))) = 0 so that
n(q(z)) # n(q(y)). We conclude that 7 is an injection.

It remains to show that n has continuous inverse out of its image. Suppose « is
anetin X and x € X so that n(¢(a)) — n(q(z)). To show that 7 is an embedding, it
now suffices to show that ¢(«) — ¢(x) in tych(X). For this, it must be shown that
forany f : X — K continuous, we have Fla(@) = flq(z)).

Let f : X — K be continuous. Let U be an open neighborhood of flq(@) = f(a).
Let R > 0 be such that f(z) € Bg(0) C K. By Lemma there is continuous



2.6. Types of Convergence Spaces 63

g : X — Kso that

{gm:f(x) f(z)| <R
lg(x)] =R  else

Thus, setting K = Br(0), we have g : X — K. Since K is compact and Hausdorff
there is a unique continuous map g : 5 tych(X) — K so that

tych(X) ? » [0,1]

B tych(X)

commutes. Since 7(¢(a)) — n(q(x)), we have that g(n(q(a))) — g(n(q(z))). By
commutativity of the diagram, g(n(¢(z))) = g(¢(x)). By definition of g, we have
g(q(x)) = g(x). Since z is such that |f(z)| < R, we have that g(x) = f(z). Thus,
E(n(q(a))) — f(z). In particular, 5(77(61(04))) is eventually in Br(0) N U since this is
an open set containing f(x). Thus, there is iy € dom(«) so that for all ¢ > i, we

have g(n(q(ai))) € Br(0) N U. But then for all i > iy we have

~ ~

9(n(g(e))) = flew) = fa(en))-

So, f(q(a)) is eventually in U. This holds for all open neighborhoods U of f(z) =

f(q(x)),so f(q(a)) — f(q(z)). Thisin turn holds for all f € C'(X,K), so ¢(a) — ¢(x)
as desired for 7) to be an embedding.

We now have that tych(X') is homeomorphic to a subspace of a compact Hausdorff
space. Therefore, tych(X) is Tychonoff as desired. QED

Corollary 2.6.45. If X is a functionally Hausdorff convergence space, then the weak con-
vergence X,, is Tychnoff.

Proof. Since X is functionally Hausdorff, we have that for any distinct z,y € X
there is f : X — R so that f(z) # f(y). Thus, ¢ : X — tych(X) is a bijection.
The initial convergence structure on X over C(X,K) is then identical to that on
tych(X). QED

We now aim to establish that the Tychonoff modification gives rise to a modifica-
tion in the sense of Definition The setup for this will consist of a sequence of
lemmas.

Lemma 2.6.46. A convergence space X is a Tychonoff topological space if and only if
X = tych(Y) for some convergence space Y .

Proof. If X = tych(Y') for some convergence space Y, then X is certainly Tychonoff
since tych(Y") is by Theorem [2.6.44
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For the other direction, assume X is Tychonoff. We will prove that the quotient
q : X — tych(X) is a homeomorphism. We have that ¢ is continuous by the uni-
versal property of initial convergence structures. Further, since X is Tychonoff,
points may be separated by continuous functions. Therefore, ¢ is a bijection; each
of the equivalence classes in tych(X) is a singleton. To show that ¢! is continuous,
we will prove the contrapositive: if o is a netin X and o 4 z for some = € X, then

q(a) # q(x).

Fix such a net a and point z. Since X is Tychonoff, it is topological and thus Cho-
quet. We may find a universal subnet w of o not converging to x. There is then
some neighborhood U of z so that w &, U. Since w is universal, w €., X \ U.
Since U is open, X \ U is closed. Since = ¢ X ~\ U, we may find a continuous map
f:X —[0,1] so that f(X \U) = 0and f(z) = 1. We then see that f(w) €., {0}.
Thus, f(w) 4 f(z) = 1.

This of course means that f(¢(w)) 4 f(z). Since tych(X) carries the initial con-
vergence structure, we have that ¢(w) /4 ¢(z). Since ¢(w) is a subnet of ¢(«), we

have g(a) / q(x).

From this, we may safely conclude that ¢~ is continuous and ¢ : X — tych(X)
is a homeomorphism. QED

Corollary 2.6.47. A convergence space X is a Tychonoff topological space if and only if
q: X — tych(X) is a homeomorphism.

Corollary 2.6.48. It is the case that K = tych(K).

Lemma 2.6.49. Suppose X and Y are convergence spaces with quotient maps qx : X —
tych(X) and q¢y : Y — tych(Y). If f : X — Y is continuous, the map tych(f) :
tych(X) — tych(Y) given by tych(f)(¢x(z)) = qv(f(z)) is well defined, continuous,
and makes

X > Y

ox | |ov

commiuite.

Proof. Observe that if it is well defined, the definition of tych(f) ensures that the
diagram commutes.

We first check well definition. Suppose z,y € X are such that ¢x(z) = ¢x(y).
Suppose g : Y — K is continuous. We then have that go f : X — K is contin-
uous. Thus, g o f(x) = go f(y). This holds for all ¢ : X — K continuous, so
qy (f(z)) = qv(f(y)). This shows the well definition of tych(f).
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We then show continuity of tych(f). Let a be a net in X and z € X so that
gx(a) = qx(z). Letg : Y — K. We have that go f : X — K is continuous.

—_~—

We thus have that g o f(¢x(a)) = g o f(gx(z)). We next observe that

go f=gotych(f).

We now have g(tych(f)(«)) — f(tych(f)(z)). This holds for all continuous g : ¥ —
K, so tych(f)(a) — tych(f)(z). We conclude that tych(f) is continuous. QED

Remark 2.6.50. The proceeding lemma, along with the observation

tyCh(idx) = idtych(X)
tych(f o g) = tych(f) o tych(g)

for convergence space X and any f and g whose composition is sensible, demon-
strates that tych(-) : CONV — CONV is a functor and ¢ : idcony — tych is a natural
transformation.

From Lemma|2.6.46|and Lemma[2.6.49| we have that the following definition makes
sense.

Definition 2.6.51. The pair (tych, ¢) is a modification of convergence spaces called
the Tychonoff modification. The tych-spaces associated to this modification are ex-
actly the Tychonoff topological convergence spaces.

Remark 2.6.52. Unlike the topological, pretopological, and Choquet modifications,
the Tychonoff modification is not strict.






Chapter 3

Continuous Convergence

In the last chapter, it was seen that products, coproducts, quotients and other like
objects have a natural convergence structure. In this chapter, we will see that
the space of continuous functions between two convergence spaces also comes
equipped with a canonical convergence structure which, amongst other things,
will show that CONV is a Cartesian closed category. The results of this chapter are
based off those in [BB02] and to a lesser extent [Pat14].

3.1 Remarks on Sets and Topological Spaces

Recall that if A and B are sets, A” denotes the set of functions f : B — A. Note
that for any sets X, Y’ A, there is a bijection

Ty : (Y¥)4 -y P
which we call the primary transpose, given by
Ty (h)(a, z) = h(a)(z)

forallh € (Y¥)?and a € Aand z € X. Its inverse, the secondary transpose, is given
by

Ty : YN — (vH)A
with
Iy(h)(a)(x) = h(a, z)

forallh € YA** and a € A and x € X. One can further check that this is natural in
both A and Y. In the language of category theory, this means that SET is Cartesian
closed.

The category TOP of topological spaces and continuous maps, on the other hand,
does not enjoy this property.
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Definition 3.1.1. Say that a topological space X is exponentiable when for all topo-
logical spaces Y/, there is a topology on the space of continuous functions C'(X,Y)
so that the primary transpose

T :CACX)Y)) - CAXX)Y)
is a bijection.
In order for TOP to be Cartesian closed, it must be that all topological spaces are ex-

ponentiable. Unfortunately, this is not the case. Specifically, we have the following
definition and result.

Definition 3.1.2. Suppose X is a topological space and U,V C X are open. We say
that U < V when every open cover of V' has a finite subcover of U. We say that X
is core-compact when for all z € X and for all V' > z open, there exists U > z open
sothat U < V.

Theorem 3.1.3. A topological space is exponentiable if and only if it is core-compact.

This is a non-trivial result, and the work required to prove it would take us too
far afield. We refer the reader to the elementary treatment of this result in [EH02]|.
However, it is immediately useful; one can easily show that Q with its usual topol-
ogy is not core-compact. Thus TOP is not Cartesian closed.

3.2 Continuous Convergence Structure

A major benefit to working with convergence spaces over the usual setting of topo-
logical spaces is that the category CONV is Cartesian closed. The first thing re-
quired to prove this is a convergence structure on the space of continuous functions
between a pair of convergence spaces. This will require one supporting definition.

Definition 3.2.1. If X and Y aresetsand A C Y%, define the evaluationev : Ax X —
Y by ev(f,z) = f(z). The domain and codomain of evaluation maps should be
clear from context, so we refrain from decorating it with specifying notations.

Definition 3.2.2. If X and Y are convergence spaces, define the continuous conver-
gence structure on C'(X,Y') by

F# — fifand only if for all z € X and F € ®(X) with 7 — z we have
ev(F x F) — f(x)

for # afilteron C(X,Y)and f € C(X,Y).

Notation 3.2.3. The following notational convention will be in place. An undec-
orated C(X,Y) denotes the set of continuous maps f : X — Y. If the context
demands a convergence structure be placed on the function space, then C'(X,Y)
is always assumed to carry the continuous convergence structure. If the function
space at any point carries a different convergence, this will be reflected by deco-
ration; for instance C,,(X,Y) will denote the set C'(X,Y’) with the compact-open
topology. Sometimes, it may be helpful to emphasize that C'(X,Y') carries the con-
tinuous convergence structure, and in this case we will use the notation C.(X,Y).
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We should verify that the continuous convergence structure is actually a conver-
gence structure.

Proposition 3.2.4. If X and Y are convergence spaces, the continuous convergence struc-
ture is actually a convergence structure.

Proof. Suppose f € C(X,Y). Fix x € X and filter # — 2. One can see that
ev([f] x F) = f(F). By continuity of f, we have 7 — z. As this holds forall z € X,
we have [f] — f in the continuous convergence structure.

Suppose .# and ¥ are filters on C(X,Y) so that .#,% — f for some f € C(X,Y).
Fix € X and filter F — 2. We then see that (# N¥Y) x F = (¥ x F)N (4 x F).
Thus,

ev[(F NY) x Fl=ev[(F x F)N (Y x F)|] = f(x).

As this holds for all z € X, we have # N¥ — f in the continuous convergence
structure.

Suppose .# and ¥ are filters in C'(X,Y) so that .# — f for some f € C(X,Y)
and ¢4 O #. Fix ¢ € X and filter F — z. We then have 4 x F O .% x F so that

ev(9 x F) Dev(F x F) = f(x).

As this holds for all x € X, we have ¢4 — f in the continuous convergence struc-
ture.

We conclude that the continuous convergence structure is a convergence struc-
ture. QED

Evident in the definition of the continuous convergence structure, there is a signifi-
cant connection between the continuous convergence structure and the evaluation
map. This can be formalised as follows.

Proposition 3.2.5. The evaluation ev : C.(X,Y) x X — Y is continuous. Further, if
C.(X,Y) is the set of continuous functions with some other convergence structure —,
so that ev : C.(X,Y) x X — Y is continuous, then the “identity map” C.(X,Y) —
C.(X,Y) is continuous.

Proof. Suppose H is a filter in C'(X,Y) x X so that H — (f,z) in C.(X,Y) x X.
By continuity of the projections, we have m(H) — f and my(H) — = in C.(X,Y)
and X respectively. By Proposition we have that H D m(H) x m(H). By
definition of continuous convergence, we have ev(m(H x m(H)) — f(z). Thus,
ev(H) — f(z). This is exactly what is needed for evaluation to be continuous.

Suppose .# is a filter on C'(X,Y) so that .# —, f for some f € C(X,Y). Let
x € X and F be a filter on X with 7 — z. We then have that % x F — (f,z)
in C,(X,Y) x X. By continuity of evaluation ev(.%# x F) — f(x) in Y. There-
fore, # — fin C.(X,Y). This is exactly what is required for the “identity map”
Ci(X,Y) = C.(X,Y) to be continuous. QED
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While the given definition of continuous convergence structure makes use of the
abstract power of filters, it is a bit opaque. When translated into the language
of nets, it becomes more clear. They key is to use Proposition to translate
between filters and nets in C'(X,Y) x X.

Theorem 3.2.6. Suppose X and Y are convergence spaces. The following are equivalent:

1. C(X,Y) has the continuous convergence structure;

2. Anet Nin C(X,Y) converges to f € C(X,Y) if and only if for all x € X and nets
a — x we have ev(A, o) — f(x).

Proof. We begin by assuming that C'(X,Y) is equipped with the continuous con-
vergence structure. Suppose A is a net in C'(X,Y) with A — f for some contin-
uous X. Further, suppose a is some net in X converging to x. It is clear that
(A, a) = (f,z) in C(X,Y) x X. By continuity of the evaluation, ev(A, o) — f(x).

Now, assume that A is some net in C'(X, Y) so that for some continuous f : X — Y
it is the case that for any = € X and any net @« — x we have ev(A, o) — f(z). Sup-
pose x € X and F — z is a filter. We have that n(F) — =z, from which it follows
that ev(A,n(F)) — f(z). The net (A, n(F)) has eventuality filter £(A) x F. Thus,
ev(A,n(F)) has eventuality filter ev(E(A) x F). Therefore, ev(E(A) x F) — f(x).
This was true for any z, 7 so we have £(A) — f which is exactly what is needed
for A — f. We have established that (1) implies (2).

Now, assume that a net A in C(X,Y’) converges to f € C(X,Y) if and only if for
all z € X and nets @« — = we have ev(A,a) — f(x). Suppose .# is some filter on
C(X,Y) converging to continuous function f. Fix # € X and filter ¥ — z. We then
have that n(.#) — f and n(F) — z. We thus have that ev(n(.%#),n(F)) — f(x). But
we know, (n(.#),n(F)) has eventuality filter .# x F. It follows that ev(.# x F) —

f(z).

Now, assume that there is some filter .# on C'(X,Y') and some continuous function
f: X — Y sothat for all z € X and filters 7 — z there holds ev(.# x F) — f(z).
Fix any = € X and net &« — X. We see that ev(n(.%),a) — f(z). As this is true for
any =, « we know that 7(.#) — z. But then .# — x. We have now established that
(2) implies (1). QED

This statement of continuous convergence in terms of nets is clearer than the filter
version, but can be made clearer still. Consider the case of sequences. Let ()
be a sequence in some convergence space which converges to x. Let (f,,) be some
sequence of continuous functions converging to f. We have the following chart:
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X1 X2

il filz) filw)
f2o| fa(x1) folwa) ©

fi(z)
fa(x)

PRl

The fact that each f; and f is continuous means that we may take limits in the hor-
izontal direction. Continuous convergence tells us exactly that we may also take a
limit along the “diagonal.” Further, it is not hard to show (via the constant net) that
we can take vertical limits as well, i.e. continuous convergence implies pointwise
convergence.

Some evocative notation can also help to make continuous convergence more clear.

Notation 3.2.7. If %, A are a filter on and net in C'(X,Y") respectively and F, v are
a filter and net in X, define .% (F) = ev(# x F) and A(«a) = ev(A, «). Likewise, if
FCC(X,Y)and G C X, we write F/(G) forev(F x G).

We this notation, we have that . — f if for all z € X and filters 7 — x we have
F(F) — f(x). A similar statement may be made for nets.

It is useful to know how convergence works in subspaces of a function space
equipped with the continuous convergence structure.

Proposition 3.2.8. Suppose X and Y are convergence spaces and A(X,Y) C C(X,Y).
Afilter & on A(X,Y) converges to f € A(X,Y') in the subspace convergence structure if
and only if #(G) — f(x) for every x € X and filter G — x in X.

Proof. Let:: A(X,Y) — C(X,Y) be the inclusion mapping. We claim that for any
filter G on X that «(.#)(G) = .Z# (G). Observe

He 7)) <= Fe¥ 3G G (H 2 F(G))

<« IF e (¥) IGe G (H D F'(Q))
< H e (F))

as desired to show set equality.

Since A(X,Y) carries the subspace convergence structure, .# — f if and only if
t(#) — f. The desired result then follows by the definition of the continuous
convergence structure. QED

Now that we have the basics of continuous convergence in place, we consider how
these interact with the transpositions of Section
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Proposition 3.2.9. If A X, and Y are convergence spaces and h : A — C(X,Y) is
continuous, then the primary transpose Ty (h) : A x X — Y is continuous.

Proof. This is immediate once one notices 7' (h) = evo(h x idx). QED

Proposition 3.2.10. If A, X, and Y are convergence spaces and h : A x X — Y is
continuous, then Ty(h) : A — C(X,Y) and T>(h) is continuous.

Proof. Suppose h : A x X — Y. We claim that for each a € A, the map T5(h)(a)
is continuous. If 3 is any net in X converging to z, we have T5(h)(a)(8) ~ h(c, )
where « is the constant net at a. Then (o, ) — (a,z) and h(«, 3) — h(a,x) by
continuity of h. So, T5(h)(a)(8) — Ta(h)(a)(z) = h(a, ) as desired for continuity of
Ty(h)(a).

Now, suppose .7 is a filter on A with .% — a for some a € A. Fix z € X and filter
F — . We see that .# x F — (a,z). By continuity of » we obtain h(.# x F) —
h(a,x) = Ty(h)(a)(x). We next claim that h(.-F# x F) = ev(Tz(h)(F) x F). which
may be proven by a simple double containment. We have that ev(75(h)(.%) x F) —
Ty(h)(a)(x). Moreover, as this holds for any = € X and filter 7 — z, we may con-
clude that T5(h)(:#) — Ty(h)(a). This is exactly what it means for T»(h) to be
continuous. QED

Since T and 75 invert each other, we obtain

Corollary 3.2.11. Fix convergence spaces A, X, and Y. A function h : A — C(X,Y) is
continuous if and only if Ty (h) : A x X — Y is continuous. A function g: Ax X —Y
is continuous if and only if To(g) : A — C(X,Y) and T»(g) is continuous.

This result is exceedingly useful. Trying to prove amap h : A — C(X,Y) is contin-
uous directly from Definition or Theorem is a tedious process involving
the consideration of several different filters or nets spread across spaces A, X, and
Y. Testing for continuity with transposition, on the other hand, often allows one
to conclude continuity simply from the commutativity of a diagram or straightfor-
ward computation. This technique is used repeatedly in the proof of the following
theorem.

Theorem 3.2.12. If A, X, and Y are convergence spaces, then
T, :CACX,)Y)) - C(Ax X,Y)
is a homeomorphism.

Proof. From Corollary [3.2.11) we have that 7 is a bijection with inverse 75. It re-
mains to show that 7} and 75 are continuous.

To show that 7} is continuous, it suffices to show that
Tl(T1> : C(A, C(X, Y)) XAXxX =Y

is continuous. This follows from commutativity of
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C(ACX,)Y)) x Ax X
ov Xidxl Ty (1)

C(X,Y)x X $ Y

ev

To show that 75 is continuous, it is enough to show that
THT) : C(AX X)Y)Xx Ax X =Y
is continuous. Let f € C(A x X,Y) and a € A and = € X. We then have that
T¥(T2)(f,a,2) = (TW(T2))(f, a) (@)

= ((T2(f))(a))(x)
= f(CL, JJ)

Thus, TZ(T3) is just an evaluationﬁ which is certainly continuous. We conclude the
desired homeomorphism. QED

An important consequence of this theorem is that CONV is Cartesian closed.

We now prove some properties related to the continuous convergence structure.

Proposition 3.2.13. If X and Y are convergence spaces and X non-empty, then Y is
homeomorphic to a subspace of C(X,Y).

Proof. For each y € Y, define y* € C(X,Y) to be the constant map with value y.
LetY*={y* € C(X,Y):y € Y}. Weclaim thath : Y — Y* given by h(y) = y*isa
homeomorphism. It is a bijection, so we must only show that it is continuous with
continuous inverse.

Observe that 77(h) : Y x X — Y is simply the projection onto the Y coordinate.
This is continuous, so h is continuous.

We must now show that 2! is continuous. Suppose that A is a net in Y so that
A* — y* for some y € Y. Let x be a constant net in X. We have that A*(z) — y*(z).
This is exactly that A — y. So, h~! is invertible and we conclude the desired home-
omorphism. QED

Corollary 3.2.14. If X and Y are convergence spaces and X non-empty, then C(X,Y") is
1. Fréchet if and only if Y is;
2. Hausdorff if and only if Y is;
3. Choquet if and only if Y is.

3Note that this is not precisely true. Both this part of the proof and the preceding part hide
homeomorphisms mediating the “associativity” of the product of convergence spaces. It is more
proper to say T7(T5) is the composition of a homeomorphism and evaluation.
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Proof. (1) If C'(X,Y) is Fréchet, then Y is by Proposition since Y is homeo-
morphic to a subspace of C'(X,Y'). Suppose C(X,Y) is not Fréchet. There is then
a constant net A in C'(X,Y) with value f so that A — g with g # f. We may then
choose = € X, so that A(x) — g(x) with f(z) # g(x). But A(z) is merely a constant
net with value f(z). Thus, Y is not Fréchet.

(2) follows from analogous reasoning.

(3) If C(X,Y) is Choquet, then Y is since Y is homeomorphic to a subspace of
C(X,Y).

Suppose now that Y is Choquet. To show that C'(X,Y) is Choquet, it suffices to
show that it is equal to its Choquet modification. By Proposition it suffices
to show that for any f € C(X,Y), if a filter .# is such that for all local covering
systems of f there is a finite subcollection whose union is contained in .%, then
F — f.

Fix f and .# with these properties. Let z € X and F — z for some filter 7 on
X. Suppose C is a local covering system at f(z) in Y. For each C € C and F € F,
define

(C.F)={9€C(X,Y): C2yg(F)}
and then
¢ ={(C,F):CeC, FeF}

One may check that ¢ is a local covering system at f is C(X,Y’). There are then
tinitely many C4, ...,C,, € C and F, ..., F,, € F so that

(C, FiyU---U(Cy, F) € F.
We then have that
CrU- UG, 2 ((C, ) U+ U(Co EN)(FI NN F,) € F(F).

We conclude from this that any covering system of f(x)in Y contains a finite subset
whose union lies in .% (F). Thus, by Proposition and since Y is Choquet, we
have .#(F) — f(x). This is the case for all z € X and filters ¥ — z. So, % — f.
This is the desired result, and we conclude that C'(X,Y’) is Choquet. QED

A similar result holds for functional Hausdorffness and regularity, but requires a
lemma.

Lemma 3.2.15. Fix convergence spaces X and Y. If Aisanet in C(X,Y ) and A —, f,
then A(x) —, f(x) forall z € X.
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Proof. We must show that for any ¢ € C(Y) that g o A(x) — g(f(z)). Define H :
C(X,Y) = Kby H(h) = g o h(x) for all continuous h : X — Y. We claim that H is
continuous. This follows from commutativity of

C(X,Y) " y K

a T

{9} x C(X,)Y) x {z} ———— C(X) x {z}

oxid
Thus, H € C.C.(X,Y). We then have that H(A) — H(f) = ¢g(f(x)) and that
H(A) = g o A(z). This is the desired convergence. We thus have that A(z) —,
f(z). QED

Proposition 3.2.16. If X and Y are convergence spaces, then C.(X,Y) is functionally
reqular or functionally Hausdorff if and only if Y is.

Proof. One direction is trivial since by Proposition [3.2.13| we may embed Y into
Ce(X,Y).

Assume Y is functiona_ll;r regular. Suppose we have a filter # — fin C.(X,Y).
We wish to show that % — f. Let G — x in X. We have that % (G) — f(x). Since
Y is functionally regular, we have .Z (G)" — f(x). We claim that .7 (G)” C .Z'(G),
so that .Z° (G) — f(z). To verify this claim, let U € Z(G)’. There is then F € .Z
and G € Gsothat U D F(G)". Lety € F(G). Thereis thenz € G and f € F~
so that f(x) = y. We then have a net A in F so that A —, f. We then have that
A(x) —, f(z) by Lemma Thus, f(z) = y € F(G)’. Then one has that
F°(G) C F(G)’ from which the claim follows. It then follows that . Z° — f so that
C.(X,Y) is functionally regular.

Now suppose that Y is functionally Hausdorff. Suppose that we have a net A —,
f,gin C(X,Y). For each x € X, we have that A(z) —, f(z),g(z). Since Y is
functionally Hausdorff, we have that f(z) = g(z) so that f = g and C.(X,Y) is
functionally Hausdorff. QED

Corollary 3.2.14] and Proposition 3.2.16| give us an important class of functionally
regular and functionally Hausdorff Choquet spaces.

Definition 3.2.17. Recall that K stands for either R or C. We denote by C'(X) the
convergence space C(X, K). This convergence space, called the paradual of X, is
Hausdorff and Choquet since K is. Let C*(X) denote the subset of C(X) consist-
ing of bounded functions. Unless otherwise indicated, this carries the subspace
convergence structure from C,(X).

As we will show, the bounded functions are dense in the paradual.

Proposition 3.2.18. If X is a convergence space, then the set C*(X) of bounded continu-
ous function f : X — Kis dense in C(X).
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Proof. Let f € C(X). Consider R* as a directed set under its usual order. Consider
the net A : Rt — C(X) so that for each r € R™ and = € X we have A,(z) = f(z)
for all z € X with |f(x)| < rand |A,(z)| = r otherwise. Such continuous functions
exist by Lemma We claim that A — f.

Suppose z € X with a net « — z € X with domain D. Let ¢ > 0 By continu-
ity of f, we have f(a) — x. Without loss of generality, let R bound |f(«)| above
(if | f(«)| is unbounded, we restrict ourselves to a bounded tail and invoke Corol-
lary2.1.9). Let dy € D so that for all d > dy we have | f(ay) — f(2)| < e. Observe
that if » > R then for all d € D we have A,(aq) = f(aq). So, when (r,d) > (R, dy)
we have |A,.(aq) — f(z)] < e. Therefore, A(a) — f(x) as desired for A — f. QED

Continuous maps between convergence spaces induce continuous maps between
function spaces.

Definition 3.2.19. Fix a convergence space Z. For any convergence spaces X,Y
and continuous f : X — Y, define f* : C(Y, Z) — C(X, Z) by f*(h) = ho f. Define
[ :C(Z,X) = C(Z,)Y)by fih)= foh

The continuity of these maps is a consequence of the following lemma.
Lemma 3.2.20. If X, Y, Z are convergence spaces, the composition map
0:CY,Z) xC(X,Y) = C(X,Z)
is continuous.
Proof. We check that
ClY,Z) xC(X,Y)x X

idxevl &
CY,Z)x Y Z

ev ’

commutes so that o is continuous by Corollary 3.2.11 QED

Corollary 3.2.21. If f : X — Y is a continuous mapping of convergence space, then
for any convergence space Z, the maps f* : C(Y,Z) — C(X,Y)and f. : C(Z,X) —
C(Z,Y) are continuous.

Remark 3.2.22. 1t is the straightforward to check that for all convergence spaces
X, YWand f: X - Yand g:Y — W continuous that

1. idy = ideoxz);
2. idy, = ide(z.x);
3. (gof)=["og5
4. (9o f)e=gso fu
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From this, we have that the assignments
X C.(X, 2)
and
fe=

for convergence spaces X and continuous f is a contravariant functor CONV —
CONV. Likewise, the assignment

X CJ(Z,X)
and
[ = fs

for convergence spaces X and continuous f is a covariant functor CONV — CONV.

Moreover, the action of these functors on morphisms is continuous.

Proposition 3.2.23. Fix a convergence space Z. For any convergence spaces X and Y,
the maps

()7 Ce(X,Y) = Ce(Ce(Y, 2), Ce(X, Z))
and

(e 0 Ce(X,Y) = Ce(Ce(Z, X), Ce(Z,Y))
are continuous.

Proof. Continuity follows from the fact that the primary transpose of each map is
merely composition which is continuous. QED

3.3 The Compact-Open Topology

Under certain circumstances, the continuous convergence structure is actually a
topological convergence structure. This section considers such a case.

Definition 3.3.1. If X and Y aresetsand K C X and U C Y, define
T(K,U) = {f € Y¥: f(K) C U}.

If X and Y are convergence spaces, then we define the compact-open topology on
C(X,Y) to be that generated by subbasis

Beo ={T(K,U): K C X compactand U C Y open}.

We denote C'(X,Y') with this convergence structure by C.,(X,Y").
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The topology induced by the continuous convergence structure is finer than the
compact open topology.

Proposition 3.3.2. For any convergence spaces X and Y, the “identity” map TC.(X,Y) —
Ceo(X,Y) is continuous.

Proof. It suffices to show that each subbasic open set of C,, (X, Y') isopenin TC(X,Y).
Fix K C X compact and U C Y open. Suppose .Z is a filter on C(X,Y’) so that
T(K,U) ¢ .#. Then for each F' € .¥ we have ' ¢ T(K,U). Thus, we may define
the non-empty set

Hp={z e K:3f € F(f(z) ¢ U)}

Observe that if Fi, Fy, € %, then Hp,np, € Hp, N Hp,. We may thus safely define a
filter H € ®(X) by

H=[{Hp:FeF).

We observe that K € H, so by compactness of K and Proposition we have
that there is some ultrafilter V O # so that V — z for some x € K. We claim that
U ¢ % (V). Otherwise, thereis F' € .# and V € V so that F(V) C U. But then
V N Hr =0, a contradiction.

Thus, for each f, € T(K,U) we have that .# (V) /4 fo(z) since U is an open set
containing fy(z). Therefore, # 4 f;. By contraposition, we have that 7'(K, U) is a
vicinity of each of its elements, meaning that it is open.

We now have that the subbasic open sets of C,,(X,Y’) are open in TC(X,Y). We
conclude that the “identity” map TC(X,Y) — Ce(X,Y) is continuous. QED

Corollary 3.3.3. For any convergence spaces X and Y, the “identity” map C.(X,Y) —
CC(X,Y) is continuous.

Proposition 3.3.4. If X is locally compact and Y is regular and topological, then C.(X,Y) =
CC(X,Y).

Proof. It suffices to show that convergence in C,,(X,Y) implies convergence in
C.(X,Y). Suppose f € C(X,Y) with filter # —, f. Fix z € X, an open neighbor-
hood U of f(z), and a filter G — x. By continuity of f, we have that f(G) — f(z)
and f(G) — f(x) by regularity and topologicity of Y. Thus, U € f(G) and there is
G € Gsothat U D f(G). Further, by continuity of f, we have that U O f(G). Note
that G € G. Since X is locally compact, there is compact K’ C X sothatz € K’ € G.
We then have that K := G N K’ € G. We have that f(K) C U, so f € T(K,U)
which is open in C.,(X,Y). Since .# —, f, we have that T'(K,U) € .#. Thus,
UDTK,U)K) € F#(G). This holds for all open U > f(x), so .#(G) — f(z).
Indeed, this is true for any z € X and filter G — x. Therefore, # — f in the
continuous convergence structure. This is the desired result. QED
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Corollary 3.3.5. Whenever X is a locally compact convergence space, its paradual is topo-
logical with the compact-open topology.

Theorem 3.3.6. If X is a compact topological convergence space, then C'(X) = C,(X) is
a Banach space with supremum norm.

Proof. Define || - || : C.(X) — Kby ||f|| = sup{|f(z)| : © € X} for all continuous
f: X =K

We first argue that this is well defined, that is each f € C.(X) is bounded. Sup-
pose for the sake of contradiction there is an unbounded f € C.(X). There is then
some net o : N — X so that for all n € N we have |f(a,)| > n. Since X is com-
pact, we have that some subnet 5 of o so that 5 — x for some x € X. But since
f(a) €ey KnnD foralln € N, we have that f(5) €.y K~ nD as well. So, f(f) cannot
converge. This contradicts the continuity of f. We conclude that all f € C.(X) are
bounded.

We next argue that the topology induced by this norm is the compact-open topol-
ogy. Let U C K be open and K C X compact. Let f € T(K,U). For every k € K,
we may find 7, > 0 so that B, (f(k)) C U. The collection {B,, »(f(k)) : k € K}
is an open cover for f(K) which is compact. We may thus find %y, ...k, so that
{By, j2(f(ki)) 1 i=1,...,n} is a finite subcover. Let € = min{ry, : i = 1,...,n}/2. We
claim that B.(f) C T'(K,U). Let g € B.(f) and € K. There is some k; = ky, ..., k,
so that |f(z) — f(ki)| < 7, /2. We then compute that

l9(x) — f(Ro)| < lg(x) = f(@)[ + [f(2) = f(R)] < €+rp,/2 <.

It follows that g(z) € U and g(K) C Uso g € T(K,U) as desired. We therefore have
that 7'(K, U) is open in the norm induced topology. This shows that the “identity”
map from C'(X) with the norm topology to C.,(X) is continuous.

We now claim that the “identity map” from C,,(X) to C'(X) with the the norm
topology is continuous. Suppose f € C(X) and thereisaneta — f in the compact-
open topology. We must show that o — f in norm. Fix ¢ > 0. For each z € X, find
open U, C X so that f(U,) C Be/4(f(x)). Since X is compact, we may find x4, ..., z,,
so that {U,,, ..., U,, } covers X. Further, observe that for each x € X,

f(U:) € f(Us) = Bea(f(2)) € Bepo(f())

and thus f € T(U,, B. s2(f(x))). Further, since X is compact and U, closed, we
have U, is compact. Since a« — f in the compact-open topology, we have that a €y
Nz, T(Uy,, Bejo(f(2:))). Suppose that g € (i, T(Us,, Bj2(f(2:))) and z € X. We
have some i = 1,...,n so that z € U,,. Thus, we have that g(z), f(z) C B/2(f(:)).
Therefore, | f(z) —g(x)| < e. From this calculation, we have that « — f in norm. We
now have that the “identity map” from C,,(X) to C(X) with the the norm topology
is continuous. Therefore, C.,(X) and C'(X) with supremum norm are identical.
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It remains to show that C,,(X) is complete. Suppose o : N — C(X) is Cauchy.
For each z € X, we have that a(x) is Cauchy. By completeness of K, each «(z)
converges to some unique value f(z) € K, defining a function f : X — K. We will
argue that f € C(X) and that o — f in norm.

We prove first that « — f in norm. Fix ¢ > 0. We may find N € N so that for
all n,m > N we have ||a,, — o || < €/2. It follows that for all z € X that

(@) — f(2)] = lim Jan () = amys(z)] < €/2 <€
§—00
We thus have that « — f in norm. We may finally conclude that f is continuous
since it is a uniform limit of continuous functions. QED

3.4 C-Embedded Spaces

In functional analysis, many important questions and properties concern the bid-
ual of a vector space. Here, we call the function space C'(X) the paradual. This
parallel suggests considering the paradual of a paradual, which is the subject of
this section.

Definition 3.4.1. For any convergence space X and = € X, define ev, € CC(X) by
ev,(f) = f(z) forall f € C(X). Define thenix : X — C.C.(X) by ix(z) = ev, for
allz € X.

Remark 3.4.2. Note that the evaluation at a point map ev,, is merely a restriction of
the evaluation map. This justifies the continuity of ev, and thus well definition of

1x.
Lemma 3.4.3. If X is any convergence space, then ix is continuous.

Proof. This follows from the observation that the transpose of iy is the evaluation
map ev : X x C.(X) which is continuous. QED

Definition 3.4.4. A convergence space X is called c-embedded when iy : X —
C.(C.(X,R),R) is an embedding.

Note that here we specify the ground field as R. This is necessary as it is not at all
clear that the analogous definition using C would be equivalent. We will see that
in fact the c-embeddedness of a space is independent of the ground field. We will
tirst need a lemma.

Lemma 3.4.5. Suppose X is functionally Hausdorff and C C X is weakly closed. If
U C X is such that for some ¢ > 0 we have T'(C,eD)(U) C A, then U C C.

Proof. Suppose for the sake of contradiction that there is € U with x ¢ C. Since
X is functionally Hausdorff, we have by Corollary [2.6.45 that X, is a Tychonoff
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space. We may thus find a continuous map f : X — [0,1] so that f(C') = 0 and
f(x) = 1. We may extend the codomain of f to K. We then have that f(C') C €D, so
that f € T(C,eD), but f(z) = 1 ¢ D. We thus have that 7'(C, ¢D)(U) Z D. We have
obtained a contradiction and conclude the proof. QED

We may now describe c-embedded spaces in more familiar terms.

Theorem 3.4.6. Suppose X is a convergence space. The map ix : X — C.C.(X) is an
embedding if and only if X is Choquet, functionally regular, and functionally Hausdorff.

Proof. Suppose ix is an embedding. We have that C.C.(X) is Choquet, function-
ally regular, and functionally Hausdorff by Proposition since K has these
properties and thus by Proposition that X has these properties since it is
homeomorphic to a subspace of C.C.(X).

For the other direction, assume now that X is Choquet, functionally regular, and
functionally Hausdorff. We will first prove that i x is an injection. Suppose z,y € X
with ix(z) = ix(y). This means that for all continuous functions f : X — K we
have f(z) = f(y). We then have that for all f € C(X) that f([z]) — f(y) and thus
that [z] —, y. Equally well, we have [z] —, 2 and since X is functionally Haus-
dorff, we see that = = v.
Now, we will prove that iy' is continuous. Suppose F is a filter on X so that
ix(F) = ix(z) for some x € X. We aim to show that 7 — x. Since X is Choquet,
it suffices to show that &/ — x for all ultrafilters &/ O F. Suppose U is such an
ultrafilter.

Suppose to contradiction that U fails to converge. For every converging filter §
on X, we have that/ 2 G'. There is then G € G with G5° ¢ 4. We then have that

C = {Gg : G isa converging filter on X}
is a covering system for X by o-closed sets none of which are contained in /.

Define a filter on C'(X) by
F =[{T(C,eD): C €C A e > 0}].

Since every filter converging in X contains some C' € C, we obtain that .# — 0 in
C.(X). It then follows that ix(U)(.-#) — 0 in K. There is then some U € U and
F e F sothatix(U)(F) = F(U) C D. Indeed, we may assume without loss of
generality

F = T(Ol, 61]D)) N T(Cg, EQ]D) N---N T(Cn, EnD) 2 T(Cl U Cg U---u On, 1r£1<n ElD)
Further, since C; U Cy U --- U C, is o-closed, we have by Lemma that U C
CiuCy,uU---UC,. ButthenC; UCyU---UC, € U. But, since U is an ultrafilter



82 Chapter 3. Continuous Convergence

and C4,...,C, ¢ U, we have that X ~\ C,..., X \C,, € U. Thisleadsto ® € U, a
contradiction. This contradiction shows that I/ converges to some y € X. But since
ix(U) D ix(F), we have that ix(y) = ix(z) and z = y by injectivity. Since X is
Choquet, we have F — x. QED

Theorem produces many useful corollaries.

We have that the conditions necessary and sufficient for X to embed into CC(X)
are independent of the value of the ground field K. This immediately gives

Corollary 3.4.7. A convergence space X is c-embedded if and only if ix : X — CC(X)
is an embedding regardless of the value of the ground field.

C-embeddedness is characterized by functional Hausdorffness, functional regular-
ity, and the Choquet property and by Proposition 2.4.18 and Proposition (tak-
ing M to be the Choquet modification) these properties pass to subspaces. This
gives

Corollary 3.4.8. Subspaces of c-embedded spaces are c-embedded.

Further, recalling from Corollary(3.2.14/and Proposition 3.2.16|that C'C'(X) is func-
tionally Hausdorff, functionally regular, and Choquet since K is, we obtain

Corollary 3.4.9. For any convergence space X, the subspace ix(X) of CC(X) is c-
embedded.

Further still, it is an easy check that functional regularity, functional Hausdorff-
ness, and the Choquet property are all preserved under isomorphism. Thus,

Corollary 3.4.10. Any space homeomorphic to a c-embedded space is c-embedded.
Since all topological spaces are Choquet, we obtain

Corollary 3.4.11. A topological space is c-embedded if and only if it is functionally reqular
and functionally Hausdorff.

Up until this point, we have given no explicit examples of c-embedded spaces.
Now, Theorem allows us to show that many familiar types of spaces are c-
embedded.

Corollary 3.4.12. Tychonoff spaces are c-embedded.

Proof. Suppose X is a Tychonoff space. We immediately obtain that points may be
separated by continuous functions, and thus X is functionally Hausdorff

Suppose z € X and U is an open neighborhood of x. We have that x ¢ X \ U
which is closed. Let f : X — [0,1] be a continuous function with f(z) = 1 and
f(X N\ U) = {0}. Define weakly closed C' = f~1([1/2,1]) 2 X \ U. We then have

{z} CXNCCU



3.5. C-Embedded Modification 83

Further, suppose « is a convergent net in X \ C. We have that f(«) > 1/2. Thus,
{z}CcX~CCcX~C CU.

This shows that A,” D N, which means that X is functionally regular.

We conclude that X is c-embedded. QED

Thus, the realm of c-embedded spaces include

e Rand C;

All metric spaces;

All compact Hausdorff spaces;

All normal spaces.

Even though the only topological c-embedded spaces discussed thus far are Ty-
chonoff, there are non Tychonoff c-embedded topological spaces. In [BM76], the
authors classify all c-embedded topological spaces in more traditional topological
terms.

The last corollary to Theorem we will give describes compact c-embedded
spaces.

Corollary 3.4.13. All compact c-embedded spaces are topological.

Proof. All c-embedded spaces are regular, Hausdorff, and Choquet. Since compact,
Choquet, regular, Hausdorff spaces are topological by Corollary [2.6.39} the result
follows. QED

3.5 C-Embedded Modification

As in Section 2.6 with Choquet, pretopological, topological, and Tychonoff spaces,
there is a modification which produces a c-embedded space from any convergence
space. The idea is to leverage Corollary

Proposition 3.5.1. For any convergence spaces X and Y and continuous f : X — Y
define ¢(X) = ix(X) with its subspace convergence structure inherited from C.C.(X)
and c(f) be the domain-codomain restriction of f** : C.C.(X) — C.C.(Y). With this
definition, (c, i) is a modification of convergence spaces where i : id — c is the natural
transformation with component ix at each convergence space X.

Proof. We first check that c is a functor from CONV — CcONV. By Corollary (3.2.21
we have that f** is continuous, so we really need only check that if f : X — Y is
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continuous, then f**(ix(X)) C iy (Y). This holds as for all z € X and h € C(Y))

[ (ix(x))(h) = f*(eva)(h)
=ev,of"(h)
=ev,(ho f)
~ ho f(x)
= er(x)(h)

iy (f(2))(h)
so that f**(ix(x)) = iy (f(x)) as desired for f**(ix (X)) C iy(Y).
If f: X — Y is a continuous mapping of convergence spaces, then the commuta-
tivity of

x 1 .y

ix| |iv

o(X) — elY)

follows from the previous computation. Further, we have that each component of
i is continuous. Thus, 7 is a natural transformation.

We last need to check that iy' is continuous if there is a convergence space Y
with X 2 ¢(Y). We have by Corollary that ¢(Y) is c-embedded, so by Corol-
lary X is c-embedded and so ix (or rather its codomain restriction) is a
homeomorphism. QED

The last result of this section will be that the paradual of a space is completely
determined by the paradual of its c-embedded modification.

Proposition 3.5.2. If X and Y are convergence spaces, the map cxy : C(X,Y) —
C(c(X),c(Y)) given by f +— c(f) is continuous.

Proof. This follows from the observation that

C(X,Y) x ¢(X)
(')**Xidl Ti(cx,y)
Cle(X),c(Y)) x e(X) ———— c(Y)

Commutes. Thus, T;(cx y) is continuous as a composition of continuous functions.
QED

Theorem 3.5.3. If X and Y are convergence spaces and Y is c-embedded, then

C(X,Y) = O(c(X),Y).
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Proof. Since Y is c-embedded, we have that iy : Y — ¢(Y) is a homeomorphism.
We thus have that iy, : C(c(X),Y) = C(c(X), c(Y)) is a homeomorphism by func-
toriality. We then check that

C(e(X),Y) X . O(X,Y)

N CX)Y

Cle(X), e(Y))

commutes. Let f € C(c(X),Y). We claim that

iv«(f) = exy oix(f)

To see this, fix any x € X and h € C(Y). We observe

Z'w(f)(ix(éﬁ))(h) (iy o f){ix(@)) ()
iy (f(ix(2)))(h)
( (ix()))

and

(exy 0 ix)(f)ix(2))(h) = cxy(f oix)(ix(x))(h)
= ([ oiy)(ix (l”))(h)
= (f"(ix(z) o %)) (h)
= (ix(z) otk o f )(h)
=ix(x)(ho foix)
= h(f(ix(x)))

as desired for commutativity. This then shows that i% has inverse (iy.) ™ o cxy.
QED






Chapter 4

Convergence Vector Spaces

In this chapter, we investigate convergence vector spaces, the convergence ana-
logue to topological vector spaces (Appendix D), closely following the exposition
in [BB02]. Many of the properties of convergence vector spaces can be discussed
purely in the context of the underlying group. We thus explore groups equipped
with convergence structures in the first section. In the next, we consider conver-
gence vector spaces and various properties and constructions. In the third section,
we specialize to locally convex vector spaces and learn how to turn any conver-
gence vector space into a locally convex topological vector space. In the last sec-
tion, we discuss some basic properties of duality.

4.1 Convergence Groups

Definition 4.1.1. A convergence group is a group G so that the group operation + :
G x G — G and inversion —(-) : G — G are continuous.

Remark 4.1.2. Since we study convergence groups with the goal of learning about
convergence vector spaces, we will write our groups additively. This will make the

notational transition to vector spaces smoother. Despite this notational choice, we
will not assume that these groups are abelian.

From Definition[4.1.Tjwe immediately obtain several other useful continuous maps.
Lemma 4.1.3. If G isa group and g € G,

1. the difference map — : G x G — G given by (h, k) — h — k is continuous;

2. the translation map g + (-) : G — G given by h — g + h is continuous;

3. the translation map (-) + g : G — G given by h — h + g is continuous.

Remark 4.1.4. Themaps g+ (-) : G — G and (-) + g : G — G are homeomorphisms
with inverses givenby —g+ (-) : G — G and (-) — g : G — G respectively.
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Defining convergence groups as in Definition will make the parallel to con-
vergence vector spaces (Definition 4.2.1)) perfectly clear. However, verifying that a
particular group satisfies the definition may be expedited by using the following
result

Proposition 4.1.5. A group G is a convergence group if and only if the difference map
—: G x G — Ggivenby (h,k) — h — kis continuous.

Proof. In light of Definition and Lemma we need only verify that the
continuity of the difference implies continuity of inversion and addition. For this,
it is enough to note that —g = 0 —gand g+ h = g — (—h) for all g,h € G so that
inversion and addition are merely compositions of continuous functions. ~ QED

Several properties of convergence groups are determined by the behavior of the
identity element.

Proposition 4.1.6. A group homomorphism ¢ : G — H of convergence groups is contin-
uous if and only if it is continuous at 0.

Proof. Certainly, if ¢ is continuous, it is continuous at 0. Now, suppose ¢ is con-
tinuous at 0. Fix ¢ € G and a filter ¥ — ¢g. We then have that ¥ — ¢ — 0 and
©(F — g) — 0 by continuity at 0. We see that o(F — g) = ¢(F) — ¢(g). Therefore,
adding ¢(g) to both sides, we obtain ¢(F) — ¢(g). QED

Proposition 4.1.7. A convergence group G is Hausdorff if and only if {0} is closed.

Proof. Suppose G is Hausdorff. Any net in {0} is constant and thus converged to
0. Since G is Hausdorff, this limit is unique. Thus, a({0}) = {0} and we have that
{0} is closed.

Now, suppose that {0} is closed. Suppose « is a net in G so that @ — g, h for some
g,h € G. We have that « — o — g — h. We have that « — a has subnet 5 which is
constantly 0. We then have that 5 — g — h. We then have that g — h € a({0}) = {0}.
Therefore, g = h and we have that GG is Hausdorff. QED

Proposition 4.1.8. Any pretopological convergence group is topological.

Proof. Suppose G is a pretopological convergence group with S C G and g €
a(a(S)). Suppose N is a vicinity of g. We have that V, — g and V, — 0 so that
Vy + Vo = gand V, + V, 2 V,. Therefore, there are vicinities U of g and V' of 0 so
that VDO U + V.

Since g € a(a(9)), there is a filter 7 — ¢ with a(S) € F. We thus have that
F 2 V,. Therefore, U € F and a(S)NU # . There is, therefore, some i € a(S)NU
witnessed by filter H — h with S € H O V,,. We have by Corollary that
h+V € V. Therefore, SN (h+ V) # 0.

Since h € U, we now have that S N (U + V) # (). Therefore,
NNSOSNU+V)#0.
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As this holds for all vicinities NV of g, we may consider the filter V, N S D V,. Thus,
since G is pretopological, we have that V, NS — g Since S € V, N S, we have that
g € a(S). We conclude that a(a(S)) = a(S5). As G is pretopological with idempotent
adherence, we have by Theorem that G is topological. QED

Convergence groups interact well with initial and quotient convergence structures.

Proposition 4.1.9. Let G be a group and {G, };cr be a family of convergence groups so that
for each i € I there is a group homomorphism y; : G — G;. Then the initial convergence
structure on G with respect to the p; is a group convergence structure.

Proof. For each i € I, consider the following diagram

G x G 25 qx G,

,l l,

which commutes because ¢; is a homomorphism. The initial convergence structure
assures us that the ¢; are continuous. Thus, the “top path” is continuous as a
composition. We then obtain that ¢; o — is continuous for all 7 € I which shows
that — : G x G — G is continuous via Proposition[2.3.5 and that G is a convergence
group by Proposition#.1.5 QED

Lemma 4.1.10. If G is a convergence group and N a normal subgroup, equip G/N with
the final convergence structure over the quotient map q : G — G/N, i.e. the quotient
convergence structure over q. A filter F on G/N converges to g + N if and only if there is
a filter G on G converging to g so that F 2O q(G).

Proof. The sufficiency of this condition is evident in light of Definition We
prove necessity. Suppose g € G and there is a filter ¥ — ¢ + N in G/N. Then
by Proposition we have that there are ¢;,...,9, € g + N so that for each
i = 1,...,n there are filters 7; — g¢; in G so that 7 O ,.; ¢(F;). We then have that
Fi—gi+g — gby Lemma[d.13 Let G = (;_, F; — g; + g. We have that G — g.
Further, we have that

n n

9(G) =(a(Fi—g:+9) = )a(F)

=1 i=1
Therefore, F O ¢(G) as desired. QED

Remark 4.1.11. This argument works just as well when the quotient is realized by
some surjective group homomorphism rather than quotienting out a subgroup.

Proposition 4.1.12. If G is a convergence group and N a normal subgroup of G, then
G/N with the quotient convergence structure over the quotient map q : G — G/N is a
convergernce group.
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Proof. By Proposition we need only check that — : G/N x G/N — G/N is
continuous. Let g, h € G and H be a filter on G/N x G/N with’H — (g+ N,h+ N).
There are then filters H;, Hs on G/N so that H; — g+ N and Hy — h + N and
H DO H; X Hs. By Lemma we have filters ¥ — gand G — h in G and
Hy 2 ¢(F) and Hy 2 ¢(G). We know that F — G — g — h. By continuity of the
quotient, we have

¢(F)—qG)=q¢(F-G)—>g—h+N.
Since
%2H1XH2QQ(-F)XQ(Q)7

we now have that —H — g — h + N so that — : G/N x G/N — G/N is continuous.
We conclude that G/N is a convergence group. QED

The topological properties of a normal subgroup determine many properties of the
quotient space.

Proposition 4.1.13. Suppose G is a convergence group with normal subgroup N.
(a) The quotient G /N is Hausdorff if and only if N is closed.
(b) The quotient G/N is discretd|if and only if N is open.

Proof. We show (a) first. By Proposition it suffices to show that N being
closed in G is equivalent to { N} closed in G/N.

Certainly if { N} is closed, then its preimage /N under the continuous quotient map
q: G — G/N is also closed. Conversely, assume that { N} is not closed. Thus, there
is some g € G so that [N] — g+ N but g ¢ N. We find a filter F — ¢ in G so
that [N] D ¢(F). It follows that for each F' € F we have ' N N # (). We have that
FNN D Fsothat FNN — gand N € F N N. Therefore, g € a(N). As it has been
established that g ¢ N, we have that a(/N) # N. So N is not closed.

We now prove (b). Suppose G/N is discrete, that is only the point filters converge.
Suppose g € N and there is a filter # — ¢g. We have that ¢(¥) — N. Therefore,
q(F) = [N]. There is then F' € F with ¢(F) = N. This is only possible if D C N.
Therefore, N € F. This holds for all g € N and F — g, so we have that N is open.

Now, suppose that N is open. Suppose F — gN in G/N. Then F — g+ N — N.
There is then some filter G converging to 0 so that 7 — g + N D ¢(G). Since N > 0
is open, we have that N € G and thus ¢(G) = [N]. Therefore, F — g+ N = [N]
and F = [g + N|. Therefore, all converging filters are point filters and G/N is
discrete. QED

“The only converging filters are point filters, and these only converge to their generating point.
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We recall from Theorem [2.3.31| that quotients of topological convergence spaces
need not be topological. However, for groups, quotients are more well behaved.

Theorem 4.1.14. If G is topological and N a normal subgroup of G, then G /N is topolog-
ical.

Proof. By Proposition[4.1.8} it suffices to check that G/N is pretopological. Fix g €
G and V a vicinity of g. Suppose F — g + N in G/N. By Lemma [4.1.10| we have
some filter G — ¢ so that F D ¢(G). We have then that V' € G since V is a vicinity
of g. Therefore, ¢(V) € F. This shows, ¢(V') is a vicinity of g + N. We then have
that V, v 2 ¢(V,). Since G is topological, V, — g, and by continuity of ¢, we have
q(Vy) = g+N. Therefore, V, n — g+ N, so that the vicinity filters in G/N converge
and G/N is pretopological. QED

4.2 Convergence Vector Spaces

Definition 4.2.1. A vector space V' is called a convergence vector space or CVS when
it is equipped with a convergence structure so that vector addition +: V x V' — V
and scalar multiplication - : K x V' — V" are continuous.

Remark 4.2.2. By comparing the above definition to Definition it is clear that
all convergence vector spaces are convergence groups. Further, all topological vec-
tor spaces, see Definition are convergence vector spaces.

We will now present a key class of convergence vector spaces, function spaces with
codomain a convergence vector space.

Lemma 4.2.3. If X is a convergence space, V a CVS, A € K, and f,g € C(X,V), then
1. f+9eC(X,V);
2. \feC(X,V).

Proof. This follows from the fact that the following diagrams commute

X 2, xxx % vy X 2,5 xxx 2L Ky

where A : X — X x X is given by x — (z, z) which is continuous by the universal
property of products and A\* : X — K is given by x — X\ which is continuous since
any constant function is continuous. QED

Proposition 4.2.4. If X is a convergence space and V a convergence vector space, then
C(X,V) is also a convergence vector space when endowed with the usual pointwise oper-
ations.
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Proof. We must show that+ : C(X,V)xC(X,V) - C(X,V)and - : KxC(X,V) —
C(X,V) are continuous. We consider their transposes. We see that 77 (+) (and thus
+) is continuous by noting that

C(X, V) x O(X,V) x X e .V

id x id XA\L T+

CX,V)xCX, V) x X x X ———— C(X, V) x X xC(X,V) x X ———— VxV

commutes. Likewise for scalar multiplication, we see that

KxCX,V)xX

idg x evl X())

commutes as needed to show scalar multiplication is continuous. QED

Corollary 4.2.5. If X is a compact convergence space, then C(X) is a Banach space under
supremum norm.

Proof. Since X is compact and iy : X — ¢(X) is a continuous surjection, we have
that ¢(X) is compact. Since ¢(X) is also c-embedded, it is topological by Corol-
lary B.4.13] We then have C(X) = C(c¢(X)) = €C(c(X)) by Theorem and
Theorem [3.3.6] Further, by this same result, €C,,(c(X)) is a Banach space under
supremum norm.

It is not difficult to check that the isomorphism of Theorem is linear, from
which it follows that C'(X) is a Banach space with norm

1fIl s = sup Jig: o cxx(f)(2)]

z€c(X)

To show that || f|| = sup,cx | f(x)|, it suffices to show that i : C(c(X)) — C(X) is
norm preserving. Let f € C(c(x)) and z € X. We have that i%.(f)(z) = foix(x) =
f(evy). Thus,

ilel)lg\i}( )(x )I—Sup\f(evx)\ = sup [f(2)]

z€c(X)
as desired. QED

Notation 4.2.6. If I/ and W are convergence vector spaces, then we adopt the fol-
lowing notations

1. L(V, W) denotes the space of continuous linear maps from V' to W viewed as
a subspace of C'(V, W).

2. L(V) = L(V,K).
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3. D denotes the open unit ball in K.
4. D denotes the neighborhood filter of 0 in K. We note that D = [{eD : ¢ > 0}].

Since proofs involving convergence in a vector space often rely on both filters or
nets and the linear structure, it is useful to know how these interact. The following
lemma gathers together some useful equalities and containments. We phrase these
in terms of filters and analogous formulations for nets may be obtained by passing
through eventuality filters.

Lemma 4.2.7 (Filter Algebra). Let V, W be vector spaces over K. Let v,w € V and
a,f € Kand F,G € ®(V)and A, B € ®(K) and f : V — W be a linear map. The
following hold:

1. (F+G)+(w+w)=(F+v)+(G+w)
2. a(F+G)=aF +ag
3. a(F+v) =aF +av
4 A(F+G) 2 AF + AG
5. A(F+v) D AF + Av
6. A(Bv) = (AB)v

7. DD =D

8 aD=Difa#0

9. f(F+G) = [f(F)+ f(9)
10. Af(F) = f(AF)

11. af(F) = f(aF)

12. F=F+10]

13. A(v+ w) 2 Av+ Aw

Proof. We will consider each result in turn. For notational convenience, define
AV xV — V tobe vector addition and m : KxV — V to be scalar multiplication.
For each z € V, define A, : V — V given by y — y + . For each A € K, define
my : V — V givenby y — \y.

1. Observe that A,,, 0 A= Ao (A4, x A,). We then compute
(F+G) +(v+w) = Ao A(F x G)
= Ao (A, x Ay)(F x G)
= A(A,(F) x Ay(G)) (Proposition [1.6.15)
=A(F+v) x (G+v))
= (F+wv)+ (G +v).
This is the desired result for (1).
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2. Observe that m, o A = Ao (m, x m,). We then compute

a(F+G)=mqo A(F x G)
= Ao (my X my)(F X G)

= A(aF x aG) (Proposition|1.6.15)
=aF +ag

This is the desired result for (2).

. Observe that m, o A, = A,y © m,. We then compute

a(F +v) =mg 0 Ay(F)
= Agy 0 Mo (F)
= Ay (aF)
= aF + av.

This is the desired result for (3).

. Suppose U € AF + AG. We then have A;, Ay € Aand F € Fand G € G so

that

UDAF+ AG
D (A NA)F + (AN A)G
D (AN A)(F + Q)
c A(F+G)

We then have that U € A(F + G) as desired.

. Suppose U € AF + Av. We then have A, Ay € Aand F € F so that

UDAF+ Ayv
D (AINA)F + (AN A
D (A1 N Ay)(F +v)
e A(F+v)

We then have that U € A(F + v) as desired.

. Let U € A(Bv). We then have A € Aand B € Bso that U O A(Bv) = (AB)v.

Thus, U € (AB)v. The other inclusion follows in like manner.

. Suppose U € D?. We have that U O D; D, for some D, Dy € D. We then

have some €1,¢5 > 0so that D; O D and Dy O e;D and U O (D) (e.D). If
21,29 € K with ‘le < €1 and ’22| < €9, then |2122’ < €1€9. Thus,

(€1D) (€2D> g 6162]D.
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10.

Further, if z € €;6D, then 2 = €163 for some s € D. If s = 0, then z = 0 and
z € (,D)(e2D). Else, we then compute

Z = €1€2S

S
= 6162‘8|m

= (e]s|"?) (62|s|1/2i>.

5]

Since s € D, we have |s|'/2 < 1. Thus, €|s|'/? € ¢, D and similarly 62‘8‘1/2ﬁ €
eslD. Thus, z € (¢;D)(e;D). Therefore,

(61]D>> (EQD) = €1€2D.
So, U D €165 € D so that U € D. We conclude that D? C D.

Lastly, we have that D* D D since multiplication is continuous in K and
D — 0.

. Since K is a topological vector space, we have that D — 0 and scalar multi-

plication is continuous. So, D — 0 which implies oD 2 D. We also have
that 2D — 0,50 +D D D. But then

D:alDQaDQD.
«

We then conclude that oD = D as desired for (8)

. Observe that f o A = Ao (f x f) since f is linear. Therefore,

f(F+G)=[foAF xg)

Ao (f x )(F xG)
A(f(F) x f(9)) (Proposition[1.6.15)
f(F)+ 1(9)

as desired for (9).
We observe that m o (idg x f) = f o m by linearity of f. Therefore,

Af(F)=mo (idg xf)(A x F)
= fom(.A X .F)
= [(AF)

as desired for (10).
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11. We observe that m, o f = f o m, by linearity of f. Therefore,

af(F) =maqo f(F)
= foma(F)
= f(aF)

as desired for (11).

12. Suppose H € F+[0]. Thereis then some F' € Fand G € [0] sothat H 2O F+G.
Since 0 € G, wehave F+ G D F. Thus, H O F and H € F. This shows
F 2O F+]0].

One the other hand, if F € F, then
F=F+{0} e F+]0]
so that 7 C F + [0].

13. Suppose H € Av+ Aw. There is then some 5, S, € Asothat H DO Syv+wS;.
Then

H 2 Siv+ Sow 2D (S1NS2)(v+w) € Alv + w).
Thus A(v + w) 2 Av + Aw.

QED

The convergence structure of a CVS is entirely dependent on the convergence of
filters to 0. That s, a filter 7 ona CVS V converges tov € V if and only if 7 —v — 0.
The following theorem enables us to define a convergence structure on a vector
space V making V a CVS by merely specifying which filters converge to 0.

Theorem 4.2.8. Let V' be a vector space. Let W be a collection of filters on V so that
1. If F,.G € Uthen FNG € V;
22 If FeVand G D F,thenG € U;
3. IfF,GeV, then F+G €V,
4. If F € Vthen DF € V;
5. If F e Vand a € Kthen aF € V.
6. If v eV, then Dv € V.

The relation F — v if and only if F — v € VU is a convergence structure on V making V a
convergence vector space.

Proof. We must first check the three properties of convergence spaces.
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1. First, note that D0 = [0] € V. Thus, if v € V, then [v] — v = [0] and we have
[v] = v.

2. Suppose F wvand G O F. WehavethatG —v DO F —v € Usothat G — v.

3. Lastly, suppose that 7,G — v. We then have that 7 — v, G — v € V. It follows
that (F—v)N(G—v) € V. However, we have that (F—v)N(G—v) = FNG—w.
We conclude that F NG — v.

We have established that this is a convergence structure. We now move to prove
continuity of addition and scalar multiplication. Suppose we have filters 7, G on
Vsothat F x G — (v,w) € V x V. We then have F — v,G — w € V. Then we have
that

(F4+G)—(v+w)=(F—v)+(G—w) eV,
so that 7 + G — v + w, proving that addition is continuous.
Likewise for scalar multiplication, suppose that we have filters N, F on K and
V respectively so that N’ x F — (\,v) € K x V. We then have that ' — X and
F — v. This of course means that 7 — v € V. Let D(\) denote the neighborhood

filter of A\. Since K is topological, we have that ' O D(\). Further, observe that
D(A\) =D + A Thus,

NF =X 2D (D+NF -

=D+ N(F—-v)+v)— v

ODD(F —v)+ MF —v)+Dv+Iv— v

=D(F —v)+ ANF —v)+Dv

cVv.
We thus have that N F — Av € VU as desired for NF — Av. We have thus shown
that scalar multiplication is continuous. QED

Corollary 4.2.9. If V' is a vector space with convergence structure — and
UV:.={FedX): F—0}

satisfies (1) - (6) of Theorem and for each v € V the translation (-) +v : V — V' is
continuous, then V with this convergence structure is a convergence vector space.

Proof. Define a convergence structure —y on V by 7 —y vifand only if F —v € .
By Theorem this is a convergence vector space structure. For any F € (V)
and v € V, one has

Fogv <— F—ovev
<~— F—-v—0
<— F -

by continuity of (-) — v and (-) + v. Thus, — and —y are identical and (V,—) is a
CVS. QED



98 Chapter 4. Convergence Vector Spaces

We now turn our attention to the initial and final convergence structures. We will
see that the initial convergence structure over a family of linear maps into a family
of convergence vector spaces will define a CVS. The final convergence structure
given in Definition however, is less well behaved and in general cannot be
expected to produce a CVS. Thus, a new final vector space convergence structure
will be given which will satisfy a universal property akin to Proposition[2.3.24, We
will then see that quotient spaces defined by this new final structure will be exactly
the same a quotients in the sense of Definition

Proposition 4.2.10. If {¢; : V' — V;} is a family of linear maps from vector space V' to
convergence vector spaces V;, then V' is a convergence vector space when endowed with its
initial convergence structure.

Proof. That addition and scalar multiplication are continuous follows from Propo-
sition and the commutativity of the following diagrams for all i € /

VxV EE vy KxV 9% g« v,
| |+ | |
V—V V—aV

QED

This means that we may obtain subspaces and products of convergence vector
spaces in the expected way, simply by taking a subspace or product of the under-
lying convergence spaces and vector spaces individually.

Definition 4.2.11. Let V be a vector space and {¢; : V; — V}.c; a family of linear
maps from convergence vector spaces V; to V. Let (2 be the set of all vector space
convergence structures on V making each ¢; continuous| Denote by V,, the vector
space V' equipped with convergence structure w € ). We define the final vector
space convergence structure on V relative to the {;}ic; to be the initial convergence
structure relative to the family of inclusions {¢, : V' — V, }weq.

Remark 4.2.12. The condition required for convergence in this final structure can be
stated more plainly as

A filter converges in V' if and only if it converges in every convergence
space V,, so that each ¢, : V; — V,, is continuous.

Stated this way, one can see that the final vector space convergence structure is
the convergence structure on V' making as few filters converge as possible but still
making each ¢; : V; = V continuous. The upshot to involving the initial conver-
gence structure in the definition is that Proposition assures us that V' is a
CVS when equipped with the final vector space convergence structure.

Note that (2 is non-empty since it contains the chaotic convergence structure: all filters converge
to all points.
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As advertised, we have an analogue to Proposition 2.3.24

Proposition 4.2.13. Let V be a vector space equipped with the final vector space conver-
gence structure relative to {¢; : Vi — V}ieq, a family of linear maps from convergence
vector spaces V; to V. Then if W is a convergence vector space and f : V. — W linear,
then f is continuous if and only if the composition f o y; is continuous for all i € I.

Proof. Certainly, if f is continuous, then f o ¢; is continuous. Suppose then that
[ o ; is continuous for each ¢ € I. Let V' denote V' with the initial convergence
structure relative to f and let ¢ : V' — V' be given by = + z. By Proposition [4.2.10}
we have that V' is a CVS. Fix i € I. We then have that ¢, : V; — V' and p; o f is
continuous. So, by Proposition[2.3.5, we have that ¢; : V' — V" is continuous for all
i € I. Thus, ¢t : V — V" is one of the maps over which V" has the initial convergence
structure. Thus, ¢ : V' — V" is continuous. But, tolerating a slight abuse of notation,
[V = Wisexactly fo.whichisacomposition of continuous functions, and thus
continuous. QED

Corollary 4.2.14. Let V be a CVS and {p; : Vi — V }icr a family of linear maps from
convergence vector spaces V; to V. If V' satisfies the property (x)

if W is a convergence vector space and f : V. — W linear, then f is continuous
if and only if the composition f o p; is continuous for all i € I

then V' carries the final vector space convergence structure over {¢; : V; — V }ics.

Proof. Let V and V' be two CVSs satisfying () and thus having the same underly-
ing vector space. Let . : V' — V' be given by = +— z. For each i € I, we have the
commutative diagram

Vi
Pi
V—L>V/

Since idy : V' — V' is continuous and ¢; = idy ogp;, we have by (x) that ; : V; —
V" is continuous for all 7 € I. But then from the diagram and (x), we have that ¢ is
continuous. By identical reasoning :~! : V' — V is continuous. The continuity of
v and ¢! is exactly the statement that V' and V"’ have the same converging filters.
Thus, V = V".

Since the underlying set of V with the final vector space convergence structure
over {p; : V; — V },cs satisfies (%), we have that if V' satisfies (x), then V' carries the
tinal vector space convergence structure. QED

The following theorem, following some technical lemmas, gives a more explicit
description of the final vector space convergence structure.

Lemma 4.2.15. If V' is a vector space and F, G are filters on V, then
0N (F+G)2[0]nF+[0]NG.
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Proof. Let H € [0]NF 4 [0] N G. There is then F € F with 0 € F' and G € G with
0 Gsothat H D F+G. Then0 € FNGsothat F+ G € [0]N(F 4+ G) and
H € [0] N (F + G). This shows the desired containment. QED

Lemma 4.2.16. If V is a vector space and F,G are filters on V with [0] O F,G then
FNGOF+G.

Proof. Let H € F + G. Then there are F € F and G € G with H D F + G. Then
since0 € F,G,wehave F+ G D G. and F + G D F. Thus, H € Gand H € F.
Therefore, H € F N G. QED

Lemma 4.2.17. If ¢ : V' — W is a linear mapping of vector spaces, and F € &(V'), then
01N @(F) 2 (0] N F).

Proof. Suppose H € ¢([0] N F). There is then F' € F with 0 € F' so that H D ¢(F).
Since ¢(0) = 0 by linearity, we have 0 € ¢(F'). Thus, 0 € H and H € ¢(F). We
conclude that H € [0] N ¢(F) as necessary for containment. QED

Theorem 4.2.18. Let V be a vector space and {p; : V; = V | i € I} be a family of linear
maps from convergence vector spaces V; to V. Define U to be the family of filters F on V
so that there are finitely many indices J C I and for each j € J a filter F; converging to 0
in V; as well as finitely many vy, ..., v,, € V so that

F2Y ¢i(F)+) Du.
k=1

jeJ

Then the final vector space convergence structure on 'V relative to the {¢;}cs is given by
F —wvifand only if F —v € V.

Proof. The proof will proceed in two stages. First, we will prove that the relation
F — wvif and only if 7 — v € V¥ is a convergence structure by checking conditions
(1)-(6) of Theorem We will then prove that this relation is the final vector
space convergence structure by showing that it satistfies the condition () of Corol-

lary{.2.14

We check (1), ¥ is closed under intersections. Suppose F,G € U. We then have
that there are two finite subcollection J, K C I and for each j € Jand k € K
filters F;, G, converging to 0 in V; and V}, respectively as well as finitely many
V1 eoey Uy W1, .., Wy € V' s0 that

F 2 @i(F)+) Do,
jeJ s=1
and

g>o Z ox(Gr) + ZDwt-
=1

keK
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We then have

Fng2(onF)n(o]ng)

Q(Z N o;(F, +Z mDvs>m(];([o]mgok(gk)thi;[O]met)

jeJ
(Lemma4.2.15)

m

2 0] N (F) 4+ D [0 Nr(Gr) + > 0] N Do, + Y _[0] N Dy

jedJ keK s=1 t=1
(Lemma (4.2.16)
:Z N (F, —I—Z N r(Gr) +ZDUS+ZDwt (0 e D)
jeJ keK
DZ% 0] N F; +Zg0k | N Gr) +ZDUS+ZDwt (Lemma |4.2.17)
jedJ keK

Since [0] — 0 in each V; and for each j € J and k € K we have F; — 0 and F;, — 0
we have both [0] N F; — 0 and [0] N F — 0. Thus, by definition, F NG € V. This is
condition (1) of Theorem 4.2.8

Conditions (2) and (3) are immediate given the definition of W.
We now check (4). Suppose F € V. There are then finitely many indices J C I and

for each j € J afilter F; converging to 0 in V; as well as finitely many vy, ..., v,, € V
so that

F 2 ZQOJ(-FJ‘) + ZDW
jel k=1
We then have
DF 2 ) Dy;(F;)+ Y _ DDuy (Lemma (4))
jeJ k=1
= Dy;(F) + Zka (Lemma[.2.7](7))
jeJ
= Z ©i(DF;) + Z Duy, (Lemma [£.2.7](10))
jeJ

Since for each j € J we have that V; is a convergence space, so DF; — 0. Thus,
DF € V¥ as desired for (4).

We now check (5). Suppose F € V. If a = 0, then oF = [0]. Since [0] D D|0],
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we have aF € V. Else, there are finitely many indices J C I and for each j € J a
filter F; converging to 0 in V; as well as finitely many v, ..., v,, € V so that

F2 Z i (F5) + ZDUk~
JjeJ k=1
We then have

aF = Z api(F;) + Z aDuy, (Lemma[4.2.7(3))

JjeJ k=1
= Z ap;(F;) + Z Duy, (Lemma (8))

JjeJ k=1
= Z pj(aF;) + Z Duy (Lemma (11))

JjeJ k=1

Since for each j € J we have that V; is a convergence space, so aF; — 0 since
F; = 0. Thus, aF € ¥ as desired for (5).

We lastly have that (6) follows immediately from the definition of ¥. We have
completed the first section of the proof: the relation 7 — v if and only if F —v € ¥
is a convergence structure on V by Theorem

We will now check condition (x) of Corollary 4.2.14{ Fix i € I. Suppose F € ©(V;)
is such that 7 — 0. Then ¢;(F) € VU, so ;(F) — 0. Therefore, ¢, is continuous at 0
and by Proposition we have that ; is continuous.

Now, fix a convergence vector space W and f : V' — W linear. If f is continu-
ous, then f o ; is continuous for each i € I.

Finally, suppose f o ¢; is continuous for each i € I. Suppose there is a filter 7 — 0
in V. Then F € ¥ and there are finitely many indices J C I and foreach j € J a
filter F; converging to 0 in V; as well as finitely many vy, ..., v,, € V so that

F2Y ¢(F)+) Do
j k=1

JjeJ

We then have

m

F(F)2D  fowi(F)+ > Df(w)

Jj€J k=1

by Lemma Each summand converges to 0 in W since each fo; is continuous
and D — 0in K. So f is continuous at 0 and thus, by Proposition we have
that f is continuous.



4.2. Convergence Vector Spaces 103

We have verified condition () of Corollary which demonstrates that the
relation 7 — v if and only if 7 — v € VU is the final vector space convergence
structure. QED

Corollary 4.2.19. Let V be a CVS with the final vector space convergence structure rela-
tive to linear maps {p; : Vi = V }ier out of CVSs V. If V- = spanJ,.; i(V;) then a filter
F — 0in V if and only if we have finitely many indices J C I and for each j € J a filter
F; converging to 0 in V; so that

F2Y 0i(F)
jeJ

Proof. Given Theorem it suffices to show this containment if ¥ — 0. To
this end, suppose F € ®(V) and F — 0. We may then find finitely many indices
J C I and for each j € J a filter F; converging to 0 in V; as well as finitely many
vy, ..., Um € V so that

]:DZQD] +ZDUk
JjeJ

For each k = 1,...,m we have v;, € spanlJ,.; ¢i(V;). Thus, we may find a finite
subset J;, C I and for each j € J, a finite sub-collection Z;; C V; and for each
z € Zy; some scalar oy, j(2) € K so that

=33 an(2)ei(2)

JjE€Jk ZEZ)C’J'

We then have

jed k=1 jeJy z€Z}, g
m
= E SOJ'(]:J') + § DSOJ
jedJ k=1 j€Jy 2€Z} ;

by Lemma[.2.7)(8) and (13). For each j € J; \ J, define F; € (V) by F; = [0]. For
each j € J N\ Jy, define Z, ; = (). Define J1 JiUJand for k = 2,...,m set J, = Jj.
We then have by Lemma[4.2.7(12) that

F=2_ el +ZZ 2 Dol

Define Fy ; = F;. Foreach k = 2,...,m and j € J,, define Fy; € ®(V;) by Fi; = [0].
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Thus,
F=Y Y 0+ > Dy(2) (Lemma[£.2.7)(12))
k=1 jEAk k=1 jejk 2€2%, ;
= Z (‘PJ(]:M) + Z DSDJ(Z))
k=1 jEAk; ZGZk,j
=) (@y(]:ky)Jr%( > DZ))
k=1 je 7, z2€Z,
3 Yy, (fk,j s pz)
k=1 jEAk 2€2y,
Since

.F]w'-i- Z Dz —0

ZGZk,j

we have the desired result (technically after reordering the sum to group like in-
dices from I and pulling ¢, over the sum once more). QED

Proposition 4.2.20. The quotient convergence structure on a CVS and the final vector
space convergence structure relative to the quotient map coincide.

Proof. Let q : V' — W be a linear surjection with V' a CVS. Let W, denote W with
its quotient convergence structure and W; denote W with the final vector space
convergence structure relative to the quotient map. Suppose we have a filter 7 —
w in W,. Recall from Lemma that this means we have a single v € ¢! (w)
and filter G — v so that 7 D ¢(G). An immediate consequence is that

F—w2q(G)—qv)
=q(G —v)

where of course G — v — 0. We thus have that 7 — w — 0 in W} by continuity of .
We conclude that 7 — w in W;.

For the other direction, let ¥ — w in W;. We then have that ¥ — w — 0. By
Corollary we may produce a filter 7 — 01in V' so that

F —w 2 q(F).
Letting v € V with ¢(v) = w, we recover that
F2q(F +v)

with 7 4 v — v in V. This is precisely that 7 — w in W, by Lemma QED
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Corollary 4.2.21. Quotients of topological CVSs are topological.

Definition 4.2.22. If {V;}.c; is a family of convergence spaces, their coproduct is de-
fined to be @,, V; endowed with its final vector space convergence structure rel-
ative to the usual embeddings ¢; : V; = @,_; Vi. Unless otherwise stated, @, , V;
will always be assumed to carry this convergence structure.

Remark 4.2.23. Similarly to the convergence sum, this is clearly the coproduct in
the category of convergence K-vector spaces.

The last result of this section will be a classification of all finite dimensional Haus-
dorff convergence vector spaces.

Lemma 4.2.24. A filter F on K" (with its usual topology) converges to v if and only if
F D Z De; +v
i=1
where e; is the i-th standard basis vector.

Proof. Since K" is topological, this amounts to proving that for all v € K" the neigh-
borhood filter for v is

i De; + v.
i=1

Suppose U is a neighborhood of v € V. We have that U O B.(v) for some € > 0. It
is then not hard to see that

B.(v) 2 Zil %Dei +v
so that
U e z”: De; + v
i=1
and
N, C i De; +v.
i=1

Similarly, if €, ..., €, > 0, it is not hard to check

n

Z(—Ei, €)e; +v 2 Be(v).

=1
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where
€ = min ;.
1<i<n
Thus,
n
E (—Ei, ei)ei +ve Nv,
i=1
and

N, D iDei—i-v.
=1

We conclude
N, = Z De; +v
i=1

as desired. QED

Theorem 4.2.25. If V' is an n-dimensional, Hausdorff CVS, then V is isomorphic to K.
Further, any bijection f : K™ — V is a homeomorphism.

Proof. Let f : K* — V be a linear bijection. For each i = 1, ..., n let e; denote the i-th
standard basis vector for K" and set v; = f(e;). Since V' is n-dimensional, we have
that {vy, ..., v, } is a basis for V.

Suppose that v € K" and that there is a filter 7 — v. By Lemma {4.2.24 we have
that

F 2 i 'Dei + .
i=1
Therefore,
FF) 2D Dui+ f(v) = f(v).
i=1

Therefore, f(F) — f(v) and we have that f is continuous.

Let D" and S™ denote the closed unit ball and unit sphere in K" respectively.
We know that S™ is compact and f(S™) is compact and closed by continuity of

[ (Proposition 2.5.16) and Hausdorffness of V' (Proposition 2.5.14).

Suppose we have some filter 7 — 0 in V. We know that DF — 0. We claim
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that we may find F' € F and r > 0 so that yDF' N f(S™) = (). This must be true since
otherwise, we could consider the filter

G=[H{UNf(S"):U € DF}]

Certainly, G O DF and f(S") € G. Thus, G — 0and 0 € a(f(S™)) = f(S™). This is
impossible since f is a bijection.

Now, choose F' € F and r > 0 so that YDF N f(S™) = () and define K = f(%ﬁn)
Since K is the continuous image of a compact set, K is compact by Proposition[2.5.16
We claim that /' C K. Otherwise, suppose there is v € F' with v ¢ K. Defining
w = f~!(v), we have w ¢ %ﬁn and |w| > 1/r. We then have |rw| > 1 and there is
some A € K with |[A| < 1 so that A\rw € S™. Then rAv € f(S"). Since v € F and
|A] <1, we have rAv € rDF. This is a contradiction since rDF N f(S™) = 0.

Letg : %ID)” — K be the restriction of f to this domain. We have that g is a contin-
uous bijection from a compact Choquet space to a Hausdorff space and is thus a
homeomorphism by Proposition[2.6.36] Let 1 : K — V be the inclusion. Consider
the filter on K given by

Flp=[{UNF:U € F}.

Note thatif U € F,thenU O FNU € «(F|r). Thus, «(F|r) 2 F and «(F|r) — 0.
We conclude that 7|z — 0 in the subspace convergence structure on K. Thus, by
continuity of g, we have g~ !(F|r) — 0 in K™

Let H € g '(FF). Thereisthen U € Fsothat H O g {(UNF). SinceUNF C K,
wehave H D f~Y(UN F). Since F € ¥, we have H € f~!(F). Thus,

FHF) 297 (Flr)
we have f~!(F) — 0 so that f~! is continuous. QED

Corollary 4.2.26. If V and W are finite dimensional Hausdorff CVSs, then any linear
map f : V. — W is continuous.

Proof. Let f : V. — W be a linear map. We have some linear homeomorphisms
p:V—=Krand ¢ : W — K™ for n = dim V and M = dim W. This gives rise to the
commutative diagram

V%W

L

K» = K™
)

We know 1) ™! is continuous since it is a linear map K" — K™. We conclude that
f is continuous as a composition of linear maps. QED
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Corollary 4.2.27. If V and W are finite dimensional Hausdorff CVSs, then any linear
bijection V- — W is a homeomorphism.

Corollary 4.2.28. A linear map from a CV'S to K is continuous if and only if its kernel is
closed.

Proof. Fixa CVSV and a linear functional ¢ : V' — K.

Suppose ¢ is continuous. Let v € a(kery). We then have a net « — v with «
in ker . Then ¢(a) — ¢(v). But ¢(«) is merely the constant zero net in K which
is Hausdorff. We then have that p(v) = 0 and v € ker p. Therefore, the kernel is
closed.

Now, suppose that ker ¢ is closed. We have that V/ ker ¢ is Hausdorff by Propo-
sition Further ¢ descends to the quotient, giving an injective map ¢ :
V/kerp — K. Since V/kerp is finite dimensional (specifically at most one di-
mensional), we have that ¢ is continuous. Therefore ¢ = ¢ o ¢ is continuous with
q: V — V/ker ¢ the quotient map. QED

4.3 Locally Convex Convergence Vector Spaces

In this section we will consider locally convex convergence vector spaces, the con-
vergence analogue to locally convex topological vector spaces. Before giving the
definition (Definition we will define the convex and absolutely convex hulls
of a filter and prove some basic properties.

Definition 4.3.1. If V' is a vector space, we define the convex hull of a filter 7 on V
by
co(F) = [{co(F) : F € F},

that is, the filter generated by the convex hulls of the elements of 7. Likewise, we
define the absolute convex hull of F by

I(F) =[{r(F) : F e Fy,
that is, the filter generated by the absolute convex hulls of the elements of F.

Proposition 4.3.2. Fix a vector space V and a filter F on V. If H € co(F), there is
F e Fwith H D co(F). If H € I'(F), there is F' € F with H O I'(F").

Proof. Suppose H € co(F). There are then £, ..., F,, € F with

n

HD ﬂ co(F})

=1
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Since ;_, F,, € F, the result follows.

Next, suppose H € I'(F). There are then F, ..., F,, € F with

(L5

=1

"(0r)

)

H

U

.

U

Since (;_, F,, € F, the result follows. QED
Proposition 4.3.3. If V is a vector space and F € ®(V), then
F D co(F) DI(F).

Proof. Suppose H € I'(F). There is then some F' € F so that H D I'(F). Since
['(F') is convex and contains F', we have I'(F') D co(F'). Therefore, H € co(F) and
co(F) D I'(F).

Suppose now H € co(F). There is then some ' € F so that H D co(F) D F.
Therefore, H € F and F 2 co(F). QED

Proposition 4.3.4. If V is a vector space and F.G € ®(V') with F 2 G, then co(F) D
co(G) and T'(F) D T'(G).

Proof. Suppose H € co(G). There is then G € G with H D co(G). But since G € F,
we have H € co(F. Thus, co(F) D co(G). The proof of I'(F) O I'(G) is identical.
QED

Proposition 4.3.5. If V and W are vector spaces, f : V — W linear, and F a filter on V,
then f(co(F)) = co(f(F))and f(I'(F)) =T (f(F)).

Proof. Suppose H € f(co(F)) is equivalent to the existence of F' € F with H D
f(co(F)). Since f(co(F)) = co(f(F)), this is equivalent to H € co(F)). Thus,
f(co(F)) = co(f(F)). The proof of f(I'(F)) = I'(f(F)) is identical. QED

Proposition 4.3.6. If V' is a vector space and F,G are filters on V, then co(F + G) =
co(F) +co(G) and I'(F + G) =T'(F) + I'(G)

Proof. Suppose H € co(F + G). There are then ' € F and G € G so that H D
co(F'+@). Since co(F'+G) = co(F) +co(G), this is equivalent to H € co(F)+co(G).
Thus, co(F 4+ G) = co(F) + co(G).

The proof for the absolute convex hull is identical. QED

We can now define locally convex convergence vector spaces.

Definition 4.3.7. A CVSis called locally convex if whenever a filter 7 — 0 we have
that co(F) — 0.
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We next justify that this definition does generalize that of locally convex topologi-
cal vector spaces.

Proposition 4.3.8. A TVS V is locally convex if and only €(V') is a locally convex CVS.

Proof. Let V be a locally convex TVS. Recalling that \;, denotes the neighborhood
filter at 0 in V, we have that co(N,) € N, and since V is locally convex, we have
that co(NVy) = Ny. Now, if F — 0 in €(V) we have that F 2O N;. Then we have that
co(F) 2 co(Ny) = Ny so that co(F) — 0. Thus, €(V) is a locally convex CVS.

Now, suppose that V' is a TVS and €(V) is locally convex. Since Ny — 0, we
have that co(Ny) — 0, but then Ny C co(Np). Thus, any neighborhood N of 0in V'
is an element of co(Ny). But then N D co(N’) for some N’ € Aj) so that N contains
a convex neighborhood of 0. This means that V' is locally convex asa TVS. QED

Proposition 4.3.9. If V is a locally convex CV'S than so are its subspaces.

Proof. Let U be a subspace of V and ¢ : U — V' the embedding. Suppose F — 0 in
U. Then «(F) — 0in V. So we have that co(¢(F) — 0in V. Since co(¢(F) = ¢(co F),
one has co(F) — 0in U. Thus, U is locally convex. QED

Proposition 4.3.10. If V is a locally convex CV'S then so are its quotients.

Proof. Suppose W is a quotient of V' with quotient map ¢. Suppose F — 0in W.
By Lemma there is some filter G on V which converges to = € ker ¢ so that
F 2 q(G). We then have that G —x — 0. It follows that co(G —z) — 0. By continuity
of ¢ we have that ¢(co(G — z)) — 0in W. We then see that

so co(F) = 0in . QED
Proposition 4.3.11. Products of locally convex CV'Ss are locally convex.

Proof. Let {V;}icr be a family of locally convex CVSs and let V' = [],, Vi. Suppose
F — 0in V. Then for each i € I we have that 7;(F) — 0in V;. Since each V; is
locally convex, we have that

co(my(F)) = mi(co(F)) = 0

in V;. As this holds for all ¢ € I, we have that co(F) — 0in V. Therefore, V is
locally convex. QED

Proposition 4.3.12. Direct sums of locally convex CVSs are locally convex.
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Proof. Let {V;}ic; be a family of locally convex CVSs and let V' = @, _; Vi. Suppose
F — 0in V. We then have by Corollary 4.2.19|a finite set J C I and filter 7; — 0
in X; for each j € J so that

F2D ¢i(F).

jed
Of course then

co(F) 2 Z ©i(co(F;)).

jeJ
and since each co(F;) — 0in V; by local convexity we have co(F) — 0in V. QED

Lemma 4.3.13. If V, W are (convergence) vector spaces, then ev : LIV, W) x V — W is
bilinear.

Proof. Fixv € V. Suppose f,g € L(V,W) and o € K. Then

ev(f +ag,v) = (f +ag)(v)
= [(v) + ag(v)
=ev(f,v) +aev(g,v).

Fix f € L(V,W). Suppose v,w € V and a € K. Then

ev(f,v+aw) = f(v+ aw)
= f(v) + af(w)
=ev(f,v) +aev(f,w).

QED

Lemma 4.3.14. Suppose V and W are CVSs, .7 is a filter on L(V, W), F is a filter on V,
then

ev(co(F) x F) D co(ev(.F x F)).

Proof. This is an immediate consequence of Lemma and Proposition
QED

Proposition 4.3.15. If V and W are CV'Ss and W is locally convex, then L(V,W) is
locally convex.

Proof. Suppose .# — 0in L(V,W). We then have for any v € V and filter ¥ — v
thatev(.# x F) — 0in W. We then have that co(ev(.-# x F)) — 0 by local convexity
of W. By Lemma we then have that ev(co(.#) x F) — 0. This shows that
co(.F) — 0in L(V, ). QED
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4.4 Locally Convex Topological Modification

In this section, we will describe a method for turning any convergence vector space
into a locally convex topological vector space. This will give rise to a functor and
natural transformation sharing many of the same properties as a strict modifica-
tion of convergence spaces.

Recall that if V' is a vector space over K, a seminorm is a functionp : V. — R
so that for all v,w € V and )\ € K we have

1. p(v+w) < p(v) + p(w);
2. p(Av) = [Alp(v).

Note that a seminorm p must be non-negative since for any v € V' one has

Definition 4.4.1. If V' is a CVS, denote by S(V) the set of continuous seminorms
p:V — R. Foreachw € V and p € S(V), define p,, : V' — R by p,(v) = p(v — w).
Define the locally convex topological modification of V to be T(W) where W is the
underlying set of V' equipped with the initial convergence structure relative to

Sy i ={pw:V —=>R|peSV) and we V}.
The resulting TVS is denoted ¢(V).

Remark 4.4.2. Since R is topological, we have that IV is topological. Thus we have
that €X(W) = V. This means that €/(V') is V' with the initial convergence structure
relative to Sy .

Proposition 4.4.3. If V isa CVS, a net o in €L(V') converges to v € €L(V') if and only if
for every continuous seminorm p : V- — R one has p(ac — v) — 0.

Proof. Given the definition of €/(V'), it suffices to prove sufficiency. Suppose « is a
netin €/(V') so that for every continuous seminorm p : V' — R one has p(a—v) — 0.
Fix p € S(V) and w € V. Since

[pla —w) = p(v —w)| < pla—v)
by the reverse triangle inequality, one has p(a—w) — p(v—w). Thus, « = v. QED

Right now, all we know is that (V') is a topological space and a vector space. We
want /(V') to be a locally convex topological vector space. This will be established
by the next few propositions.
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Proposition 4.4.4. If V isa CVS, then (V) isa TVS.
Proof. It suffices to check that €/(1) is a CVS.

Suppose « and [ are nets in €/(V') with o — v and 8 — u for some v, u € C/(V).
Fix a continuous seminorm p € S(V). Since €/(V') carries the initial convergence
over Sy, we have that p(a —v) — 0 and p(5 —u) — 0. Thus, p(a+ 8 — (v+u)) = 0
since

pla+ = (v+u)) <pla—wv)+p(B-v).
Thus, by Proposition we have that a 4 8 — v + u. Therefore, vector addition
+: &U(V) x €(V) — €L(V) is continuous.

Now, fix nets § in K and « in €/(V) so that § — A for some scalar A € K and
a — v for some v € €/(V). Fix continuous seminorm p € S(V'). Let ¢ > 0.

Since 6 — A, we may find ¢, € dom ¢ so that for all > ¢, one has

{m — A < ¢/(2p(v)) p(v) #0
|6 — Al <1 p(v) =0

Note that for i > iy on must also have |d;| < M for some M > 0. Since & — v, one
has p(a — v) — 0. Thus, there is some j, € dom « so that for all j € dom a with
J > joonehas p(o; —v) < ¢/(2M).

With this setup, one has for all (4, j) > (o, jo), and so

p(dia; — Av) = p(d;0; — 60 + ;v — M)
< p(d;aj — 6;v) + p(div — Av)
= [dilp(ey = v) + 16 = Alp(v)
<€/2+¢€/2
=€
Thus, p(dav — Av) — 0. As this holds for all p € S(V'), we have that 6a — Av by

Proposition Thus, scalar multiplication - : K x €/(V) — &€¢(V) is continuous.
We may now conclude that €/(V') isa CVSand ¢(V') isa TVS. QED

Proposition 4.4.5. If V is a CVS, then ((V') is locally convex.

Proof. For each continuous seminorm p : V' — R and w € ¢(V) and € > 0, define
By(w,e) € (V) by

By(w,e) ={v e (V) :plv—w) <€}
=, (—¢,e).
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Since each B,(w,¢) is the preimage of an open set under a continuous map, we
have that each B,(w, ¢) is open. Further, note that if u,v € B,(w,¢) and A € [0,1],
then

p(Av + (1 = Nu—w) =pAv+ (1 = Nu — dw — (1 = Nw)
=pA(v—w)+ (1 = A)(u—w))
< Ap(v —w) + (1= Ap(u — w)
<€

so that B,(w, €) is convex.

Since ((V') carries the initial topology over Sy, a generic sub-basic open set of (V)
containing 0 is of the form p'(U) for p € S(V) and w € V and U C R open with
0 € p,'(U). Since 0 € p,,'(U), one has that p(w) € U. Since U is open, there is some
e > 0 so that (p(w) — €, p(w) + €) C U. Suppose v € B,(0,¢). Then

[pw(v) — p(w)] = |p(v — w) — p(—w)|
<plv—w+w)
= p(v)
<€
and p,,(v) € U. Thus,
0 € B,(0,¢) C p;l(U).

Thus, any open set in /(') containing 0 contains an intersection of balls of the form
B, (0, €) which is convex. Therefore, ((V') has a neighborhood base at 0 consisting
of convex sets. QED

We have now shown that if V' is a convergence vector space, then €/(V) is a locally
convex convergence vector space.

Definition 4.4.6. If V is a CVS, define vy : V — &/(V) by z +— z. If V, W are CVSs
and ¢ : V' — W is a linear map, define €/(y) : €/(V) — CL(W) by z — ¢(z).

Denote by CVSk the categories of convergence vector spaces over K and K-linear
maps. The next result establishes that ¢/ : cCvSx — CVSk is a functor and ¢ :
idcys — €4 is a natural transformation.

Theorem 4.4.7. Suppose V, W are CVSs.

1. The map vy : V. — €L(V') is continuous and a homeomorphism if and only if V is
locally convex and topological.

2. If o : V. — W is continuous and linear, then €l(p) : €L(V) — CL(W) is continu-
ous.
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3. If U is a locally convex topological CVS and ¢ : V' — U is linear, then the following
are equivalent.

(1)  is continuous.
(ii) €l(p) : €L(V) — €L(U) is continuous.

Proof. Fix convergence vector spaces V and V.

1. If p : V — Ris a continuous seminorm and w € V, thenp, : V — R is
continuous and

vV s eV)
N
R

commutes. Thus, by the universal property of the initial convergence struc-
ture, iy is continuous. Further, if 1y is a homeomorphism, then V and ¢/(V)
have the same converging filters and so V' is locally convex and topological.

Suppose V' is locally convex and topological. Suppose « is a net in €/(V)
with & — 0 in €/(V). Then by Proposition we have for all continuous
seminorms p : V' — R we have p(a) — 0. Suppose A is a neighborhood of 0
in V. By Proposition we may assume A is absolutely convex. Then by
Proposition and Proposition we have that the Minkowski semi-
norm py : V — R given by

pa(v) =inf{r >0:v erA}

is continuous. Thus, p4(«) — 0. Thus, there is some iy, € dom « so that for all
i € dom a with i > iy we have pa(«;) < 1so that o; € rA for some 1 > r > 0.
Since A is balanced, «o; € U and «; €., A. We conclude that « — 0 in V. Since
iy : €(V) — V is linear and we have just shown it to be continuous at 0, we
have z'(,l is continuous. Thus, iy is a homeomorphism.

2. Suppose « is a net €/(V') converging to 0. Suppose p : W — R is a contin-
uous seminorm. Then since ¢ is continuous, po ¢ : V' — R is a continuous
seminorm. So, by Proposition[4.4.3| we have po p(a) — 0. Thus, p(¢(a)) — 0
and ¢(a) — 0in €/(V') by Proposition Therefore, €/(y) is continuous
at 0 and so continuous everywhere.

3. Note that since U is locally convex and topological, :;; is a homeomorphism
by (1). If ¢ is continuous, then €/(¢) is continuous by (2). If on the other hand
¢l(yp) is continuous, then

p =15 oClp)owy

is continuous as a composition of continuous functions.
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QED

Corollary 4.4.8. The assignment € : CVSg — CVSk is a functor and ¢ : ideys — €L is
a natural transformation.

From (3) of Theorem we have the following:

Corollary 4.4.9. If V is a convergence vector space and U is a locally convex topological
convergence vector space, then as sets

LV, W) =L(&LV), W)
and in particular
L(V) = L(CLV)).

Proposition 4.4.10. If V is a vector space and {V;}.c; is a family of locally convex topo-
logical convergence vector spaces and V' is given the initial convergence structure relative
to a family of linear maps {@; : V' — V;} then V is a locally convex topological CVS.

Proof. Theorem tells us that it is enough to show ;' : €7(V) — V is con-
tinuous. By the universal property of the initial convergence structure this is con-
tinuous if and only if ¢; o 1;;! : €7(V) — &(V;) is continuous for each i € I. The
continuity of each ¢; o ¢j;' follows from the commutativity of

and the continuity of +;;'. We conclude that ¢, is continuous and that V' is a locally
convex topological CVS. QED

Proposition 4.4.11. Suppose V' is a vector space equipped with the final vector space
convergence structure relative to linear maps {p; : V; — V : i € I} from convergence
vector spaces V;. If U is a locally convex topological CV'S, then a linear map f : €L(V) — U
is continuous if and only if f o €l(yp;) : €L(V;) — U is continuous for each i € 1.

Proof. If f is continuous, no work is required. Now, suppose fo&l(p;) : €/(V;) - U
is continuous for each ¢ € I. Define f' : V' — U by f’ = f o iy. We then have the
commutative diagram

Vi i >y V
Lvil Ly
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for each i € I. Observe that from the diagram we have

flopi = fo&l(p)ou,

which is continuous. Thus, by the universal property of the final vector space con-
vergence structure (Proposition[#.2.13), we have that f” is continuous. Observe that
Cl(f') = w o f is continuous since f’ is. Since U is locally convex and topologi-
cal, we have that «;' is continuous and so f = ;' o €/(f’) = f is continuous as
desired. QED

Definition 4.4.12. Suppose X is a convergence space and f : X — K is some
function. Define the support of f to be

supp(f) = cl({z € X : f(z) # 0}).

Theorem 4.4.13. If X is a c-embedded space, then for each continuous seminorm p :
C.(X) — R there is some M > 0 and compact K C X so that

1. p(f) < Msupg |f|forall f € C.(X);

2. for each x € K and o-open (that is, weakly open) U C X with x € U there is
f € C(X) so that supp(f) C U and p(f) # 0.

Proof. Fix a continuous seminorm p : C,.(X) — R.

First, suppose X is a compact topological space. Call a set U C X null when
for each f € C(X) with supp(f) C U we have p(f) = 0. Define

N(p) = U{U C X : U open and null}.

We claim that N(p) is null. If there are no open null sets, then N(p) = () which is
certainly null. Suppose there are open null sets. Suppose f € C'(X) with supp(f) C
N(p). Since supp( f) is compact, being a closed subset of a compact space, we have
that supp(f) € Uy UU,U---UU, for some collection Uy, Us, ..., U, of open null sets.
Let {u1,...,u,} be a partition of unity subordinate tdf| {U,...,U,}. We then have
that

p(f) =plurf +usf + -+ unf)
< p(urf) + p(uaf) + - + plunf)
=0
since each U}, is null and supp(u;) € U,. We thus conclude that N(p) is null. Set
K = X \ N(p). If K = (), then (2) is vacuously satisfied. Else, suppose = € K
and U C X is a weakly open neighborhood of x. Since U is open and contains z,

it cannot be null. Thus, there is some f € C.(X) with supp(f) C U and p(f) # 0.
This is exactly property (2).

We now proceed to show property (1). First, we claim that

®See Appendix (C.1|for details.
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(a) there is some ¢ > 0 so that p(f) < ¢ whenever sup |f| < 1;
(b) if f € C(X)and f(K) = {0} then p(f) = 0.
Consider the directed set
I'={(f,€):e€Ryand f € C(X) \ {0} with sup [f] < e}

ordered by (f,e) > (g,0) whene <. Let A : I — C.(X) be anet with A(f,¢) = f.
Certainly we have A — 0 in C.(X). Therefore, p(A) — 0. Therefore, we may find
¢ > 0 so that whenever sup | f| < ¢ we have p(f) < 1. Thus, whenever sup |f| < 1
we have p(f) < £. This is (a).

Now for (b), suppose f € C(X) and f(K) = {0}. For any € > 0 there is a function
g € C(X) so that g(x) = f(x) for all z € X with |f(z)] < e and |g(z)] = € oth-
erwise. We next see that supp(f — g) € X ~ K (any converging net a on which
f — g is non-zero must converge to = with |f(z)| > € and thus + ¢ K). We have

supp(f — g) € N(p), so p(f — g) = 0. Lastly, have

p(f)=p(f—9+9)
<p(f—=9)+pg)
< ec (by (a) since sup |g| < ¢)

for all € > 0 so that p(f) = 0. This is (b).
Let f € C(X). If supy | f| = 0, we have just shown that p(f) = 0. Else, we have that

f
supy, |f|

-
K

and so by (a) p(f) < c¢-sup,, | f|. This is (1).

Having shown the desired properties when X is a compact Hausdorff space, we
now consider the case wherein X is a Tychonoff space. Write 5.X for the Stone-
Cech compactification of X and nx : X — SX for the continuous embedding of X
into a dense subset of its compactification which exists since X is Tychonoff. Using
this, we will think of X as a subspace of 5.X. Note that p = ponk : C.(8X) — Ris
a continuous seminorm.

By our first case, there is some M > 0 and compact K C X so that
o p(f) < Msupg |f] forall f € C.(6X);

e for each v € K and o-open (that is, weakly open) U C X with z € U there
is f € C.(8X) so that supp(f) C U and p(f) # 0.
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We claim that K C X.

Suppose otherwise that there is some 2y € K ~\ X. Let U denote the set of weakly
open subsets of X containing z, define Sy = {f € C(BX) : f(BX \U) = {0}}.
Define the directed set

I:{(f|X,U)Sf€SU, UEL{(‘]’}

ordered by reverse inclusion on its second coordinate. Let A : I — C(X) be the
net given by A(f|x,U) = f|x. Suppose z € X and there is a net o in X with
a — z. Since X is c-embedded, we have that it is functionally Hausdorff and
since x # x, we may separate these points by weakly open sets. Thus, we have
a Eey fX N U for some weakly open U > z. Thus, A(«) is eventually 0. So, A — 0
in C(X)and p(A) —» 0inR.

Thus, we may find a weakly open set U containing z, so that p(f|x) € [0, 1] when-
ever f € Sy. Note thatif f € Sy so are any of its scalar multiples. Thus, p(f|x) = 0.
By the first part, we know there is some f € C(5X) so that with supp(f) C U and
p(f) # 0. Since supp(f) C U, we have f € Sy. Thus,

07 p(f) =ponx(f) =p(flx) =0.

This contradiction proves that K C X.

Now, suppose x € K and that U C X is a weakly open neighborhood of . We
may then find an index set A and for each a € A a natural number N,, and for
each aand i =1, ..., N, a continuous function f,; : X — R and an openset VV C R
so that

Na
U=J () fai (Vai)-

acAi=1

For each «,7 we may find index set C,; and for each v € C,; real numbers r,; .,
and z, -, so that

VO&,’i = U Bra,i,’y(zaviv’y)'
'Yeca,i

Putting all of this together,

Nqo
v=UN U 7B, Gain)):

acAi=1veCqy;

Now, for each triple «,i,7 we may find a bounded continuous f;,, : X — R so
that when = € X is such that f,:(7) € B,,, (2ai,) we have f;, () = fai(z) and
so that when f,,i(z) ¢ B, (2a) wehave f5, (z) ¢ B, . (%) Thus,

Nqo
U= U ﬂ U f;_z%y(Bram(Zozw))

acAi=1veCy;
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For each f; , , we may find continuous fA* : X — R so that

Oé7i,’)/’ oL,y

f;z’y

\ /M

commutes. Define weakly open UCpx by

Na
U - U ﬂ U f*;i,’y(BTa,i,w (Zavi’"/))'

ac€Ai=1v€Cq;

Observe that U = X N U. There is some f € C(3X) so that supp(f)
p(f) # 0. We then have f|x € C(X) and supp(f|x) C U and p(f|x) #
property (2) in the case of X Tychnoff.

- [7 and
0. This is

We now prove property (1). Suppose f € C(X) is bounded. Note that since f
is bounded, it has image contained in a compact set. We factor it through X
obtaining the commutative diagram

X ! y R
8X

We then have

p(f) =B(f) < Msup|f| = Msup|f|
K K

since K C X. For f unbounded, we approximate f by a net A of bounded func-
tions. The above inequality holds as p is continuous and supy |A| is eventually
constant at value supy | f| due to compactness of K. This is property (1). This com-
pletes the proof in the case that X is Tychonoff.

We finally consider the full generality of X a c-embedded convergence space. We
apply the last case to tych(X) - the Tychonoff modification of X. Recall that the
quotient map ¢ : X — tych(X) induces a continuous mapping ¢** : CC(X) —
CC(tych(X)). Observe, ¢**(p) : C(tych(X)) — R by ¢**(p)(f) = p(f o q) so that
¢"*(p) is a continuous seminorm. Thus, by the previous case, there is some M > 0
and compact K C tych(X) so that

e p(foq) < Msupg|f| forall f € C.(tych(X));

e for each x € K and o-open (that is, weakly open) U C tych(X) with x € U
there is f € C,(tych(X)) so that supp(f) C U and p(f o q) # 0.
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We observe that each member of C'(X) is of the form foq for some f € C(tych(X)).
Further, we observe that

sup|f| = sup |foq|.
K ¢~ H(K)

Further, if U is weakly open in tych(X), then ¢~ (U) is weakly open in X and
supp(f o q) C ¢ ' (U). Thus it, only remains to show that ¢~ (K) is compact in X.

We will show that every covering system for ¢~ '(X) in X has a finite subcover.
Suppose C is a covering system for ¢ '(K). Suppose F is a filter with F — 2 in X
for some = € ¢7*(K). Since X is functionally regular as it is c-embedded, we have
that 7~ — 2. There is then some Ar € F and Cr € C so that Ar C Cx.

Now, note that since tych(X') is Hausdorff and K is compact, K is closed in tych(X).
Thus, we have that ¢! (K) is closed in X as well. Thus, for any filter 7 on X con-
verging in X \ ¢~'(K), there is some Ay € F so that A" C X ~ ¢~ '(K).

Define the filter
F = [{T(Az, {0}) : F € &(X) converges }]
recalling that
T(Ar.{0}) ={f € C(X): f(Ar) S {0}}.

We note that .# is well defined since each element of its filter base contains at
least the constant map at 0. Further, one has that .# — 0 in C(X) since for any
converging F € ®(X) we have that

F(F) 2 T(AF,{0})(AF) = {0}.

We then have that p(.#) — 0 by continuity. There is then some £ € .# so that
p(E) C [0,1]. Without loss of generality, £ € .# is a finite intersection of elements
of the filter-base of .# which means

E=T(Ar, UAr, U---UAgx, , {0})

for Fi, ..., F, filters converging in X. Observe that £ is closed under scalar multi-
plication. It must then be that p(£) = {0}.

Suppose for the sake of contradiction that
reqg HK)NA
where

A=A7"UAR"U---UAL"
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which is weakly closed. Recall that any weakly closed set may be written as an
arbitrary intersection of finite unions of preimages of closed sets. That is,

A= L (T0s)

a 1=1

where each f,; : X — K continuous and 7, ; closed. Define

B = ﬂ U U(fa,i)71<Ta.i)

a =1

which is weakly closed in tych(X). Observe that ¢(z) € B if and only if x € A.
Thus, ¢(z) € K \ B. There is then some f € C(X).

supp(f) € tych(X)\ B

and p(f) # 0. But then f = {0} from which it follows that f(A) = {0} and f € E
so that p(f) = 0. This is a contradiction. Thus,

{C]'—17 C]—'zu ...,C]:n}

is a finite subset of C covering ¢ '(K). We conclude that ¢ !(K) is compact as
desired to finish the proof. QED

4.5 Dual Spaces

In this section, we investigate the dual space of a convergence vector space.

Definition 4.5.1. If V' is a convergence vector space, the dual of V is L(V), the space
of continuous linear maps from V' to the ground field K. Unless otherwise speci-
fied, £(V') is assumed to carry the subspace convergence structure from C..(V, K). If
we wish to emphasize that the dual carries the continuous convergence structure,
we will write £.(V') instead of L(V).

Recall that if X and Y are convergence spaces and = € X, there is an evaluation
atz map ev, : C(X,Y) — Y given by f — f(z). Such evaluations induce another
convergence structure on L(V).

Definition 4.5.2. If V is a convergence space, the weak* convergence structure on
L(V) is the initial convergence structure relative to the family {ev, : £(V) —
K | v € V}. We denote £V with the thereby induced convergence structure by
Lo (V).

Since K is topological, we have that £, (V') is topological. Its corresponding topol-
ogy is the usual weak*-topology on L(V'). Further, since each ev, map is linear,
L,(V) is a convergence vector space.
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Notation 4.5.3. If .# is a filter on £(V') and v € V, define .# (v) = ev,(F). If Aisa
netin £(V) and v € V, define A(v) = ev,(A).

Remark 4.5.4. Let % and A respectively be a filter and net in £(V') for some vector
space V. If v € V, then

1. E(AW)) = E(A)(v);
2. 9(F(v)) ~n(F)(v).

Proposition 4.5.5. A net A on L,(V') converges to 0 if and only if for every v € V we
have A(v) —

Proof. If A — 0, then A(v) — 0 since ev, : £,(V) — K is continuous. Conversely,
suppose A(v) — 0 for each v € V. Then A — 0 since £,(V) is initial with respect to
the evaluation maps ev,. QED

Corollary 4.5.6. A filter . on L,(V') converges to 0 if and only if for every v € V we
have F (v) — 0.

Corollary 4.5.7. The “identity” map L.(V') — L, (V') is continuous.

Proof. Suppose we have anet A — 0in L£.(V). Let v € V. Consider the net « :
{v} = V given by a(v) = v. Certainly & — v. We have that A(or) — 0in K. We
see that ev(A, a) ~ A(v). Thus, A(v) — 0in K. We conclude that A — 0in £, (V).
Thus, the “identity” is continuous at 0 and therefore continuous. QED

This last result tells us that convergence in the continuous convergence structure
is stronger than the pointwise convergence of the weak* structure.

With additional information, it is possible to use weak* convergence to obtain con-
vergence in L (V). We will need to introduce a definition and prove an auxiliary
lemma to show this.

Definition 4.5.8. If V' is a vector space, the polar of a subset U C V' is
Us={pel(V):YuelU |p(u)| <1}
Lemma 4.5.9. If .7 is a filter on L(V') and G a filter on V and v € V, then
ev(ZF X G) Dev(F x (G —v))+ F(v).
or in alternative notation
Proof. Suppose H € .7 (G — ) ( ). There are then F}, F;, € .% and G € G so that
H D Fi(G —v) + Fy(v). We thus have

H 2 Fi(G—v)+ F(v)
2 (FiNEF)(G =)+ (FiN Fy)(v)
O (FNE)G—-v+v)
= (F1NF)(G)
€ 7(G)
which implies that H € .%#(G) as desired. QED
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We can now give the conditions under which weak* convergence implies conver-
gence in L.(V).

Proposition 4.5.10. Let V be a CVS. A filter ¥ converges in L.(V) if and only if it
converges in L, (V') and for every filter G — 0in V there is G € G so that G° € F.

Proof. Since the “identity” L.(V) — L,(V) is continuous, we have that any filter
F converging in L.(V') converges in L,(V'). It remains to show the condition on
polars. This may be rephrased as for every net « — 0in V and any net A — ¢ in
L.(V) we have some U which eventually contains a and A €., U°. Soleta: A — V
and A : L — L(V) be such nets. Suppose for the sake of contradiction that the
desired condition fails. That is, for each U in the eventuality filter of & we have
A &ey U°. Thus, for every a € A we have that A &, (T,a)° where T, is the tail

Too={a;:1€ A and >a}.

Thus, for every a € A and ¢, € L there is £ > {; so that |As(c,)| > 1. But then it
is clearly the case that A(a) €., D. But then A(«) /4 0 in K which contradicts the
convergence of A in £.(V'). Thus, we have the desired condition on polars.

Conversely, suppose that we have a filter .# — ¢ in £,(V) and for every filter
G — 0in V there is G € G so that G° € .. We wish to show that .7 — ¢ in L.(V).
It suffices to show that for all v € V and filters G — v we have .#(G) — ¢(v).
Fix such a v € V and filter G on V. Fix ¢ > 0. We have that 1(G — v) — 0. We
then have some U € (G — v) so that U° € .#. We then have eU € (G — v) and
ev(U° x eU) € F(G —v). Further, ev(U° x eU) C eD. Therefore, €D € .#(G —v). As
this holds for each € > 0 we have .7 (G — v) — 0 in K. We conclude that since

F(G) 2. F(G—v)+ ZF(v).

by Lemma and .7 (v) — ¢(v) since F — ¢ in L,(V) it must be the case that
F(G) — ¢(v) as desired. QED

Corollary 4.5.11. A filter # — 0in L.(V) if and only if it contains the polar of each
finite subset of V' and for every filter G — 0in V thereis G € G so that G° € F.

Proof. We need only check that containment of the polar of a finite set is equivalent
to convergence to 0 in £,(V'). Thus, let A be a net in £.(V') which converges to 0.
Pick F' C V finite. We have that A(v) — 0 for each v € F. We thus have that
A(v) €ey D for each v € F. Itis then clear that A &, F° by taking the maximum
required index.

Conversely, assume that A €., F* for each finite ' C V. Particularly, given any
v € Vand e > 0wehave A €. {(1/€)v}°. Thus, A(v) Eey €D and we conclude that
A(v) — 0 for each v € V. This means that A — 0in £, (V). QED

Definition 4.5.12. If V' is a normed space, £(1') can be made into a normed space
with the operator norm

ol = sup{lp (V)] - [Jof| < 1}
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for all v € V. We denote L£(V) equipped with the corresponding convergence
vector space structure as L,, (V') and denote convergence in this setting by —,,.

Remark 4.5.13. If V is a normed space and .# and A are a filter and net respectively
on L(V), then

1. F —,p 0ifand only if ||.Z]|| — 0in R;
2. A —,, 0ifand only if ||A|| = 0in R.

Remark 4.5.14. If V' is a normed space, it is well known that the identity £,,(V) —
L,(V) is continuous.

Proposition 4.5.15. If V' is a normed space, the identity map L,,(V') — L.(V) is contin-
UOUS.

Proof. Since the map in question is a linear map between convergence vector spaces,
it suffices to show that it is continuous at 0. Fix a filter .# on L(V') so that .% —,, 0.
Suppose G is a filter on V with G — 0. From this it follows that D € ||G|| and that
there is some G € G so that ||G|| C D. Fix e > 0. Since .# —,, 0, we have that
eD € ||.Z]|. There is thus F' € % so that ||F|| C eD. Thus, we have F(G) C €D and
F(G) € #(G) so that eD € .Z(G). As this holds for all ¢ > 0, we have established
Z(G) — 0.

Now, if H is a filter on V and H — v for some v € V, we have that H — v — 0. By
Lemma there holds

F(H) D F(H —v) + F ).

By the first part of this proof, .# (H —v) — 0 and by Remark4.5.14{.% (v) — 0. Thus,
F(H) — 0. As this holds for all converging filters 74 on V, we have that .# — 0.
This establishes the desired continuity. QED

We recall that if f : X — Y is a continuous mapping of convergence spaces, then
there is a continuous map f* : C(Y) — C(X). A similar construction is available
for dual spaces.

Definition 4.5.16. Let V, W be CVSs and f : V — W be a continuous linear map.
Then map

[ L(W) — L(V)
given by f'(¢) = ¢ o f is called the adjoint mapping of f.
Proposition 4.5.17. Let V.W be CVSsand f : V' — W be a continuous linear map.
1. Then f": L.(W) — L.(V) is linear and continuous.
2. ker(f') = f(V)~.
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3. f"is an injection if and only if f(V') is dense in €L(W).
4. (go f) = fog and (idy) = idw)

Proof. (1) To show f’ is continuous, it suffices by Corollary [3.2.11| to show that its
transpose T’ (f’) continuous. Continuity of the transpose follows from commuta-
tivity of

L(W)xV

1d><fl w

E(;(W) x W v 7 K
To see that f is linear, let ¢, € L(W) and «, 5 € K. We see that

[l + ) = (ap + o) o f
=a(po f)+ 8o f)
=af'(e) +Bf ().

(2) Suppose ¢ € ker(f’). Let v € V. We see that ¢(f(v)) = f'(¢)(v) = 0 so that
¢ € f(V)t. Now, suppose that ¢ € f(V)*. We see that f'(p)(v) = 0 forallv € V,
so ¢ € ker(f"). Thus, ker(f’) = f(V)* as desired.

(3) Suppose f(V) is dense in /(). Suppose p € L(W) so that f'(¢) = 0. Let
w € W. Since f(V') is dense in €/(1V), we have some net o in V' so that f(a) — win
¢(W). Recall that by Corollary we know €/(W) and W have the same linear
functionals, so ¢ is continuous as a map out of €/(W). Therefore, p o f(a) — p(w).
Since f’(¢) = 0, we have that the constant 0 net in K converges to ¢(w). Thus,
p(w) = 0. It is then the case that ¢ = 0 and we have that f’ is an injection.

Now, for the converse, suppose that f’ is an injection. We then have by (2) that
f(V)*+ = {0} and thus that (f(V)*)* = W. But we also have by Proposition |D.4.14
that (f(V)+)+ = f(V) where the closure is taken in /(V). The result follows.

(4) is a straightforward computation. QED

Remark 4.5.18. It follows from (1) and (4) that the assignments V' +— L.(V) and
f — f' give a contravariant functor from the category of convergence K-vector
space to itself.

We will next see how the dual space interacts with various vector space construc-
tions, e.g. the final vector space convergence structure, products, and coproducts.

Theorem 4.5.19. If V is a CVS carrying the final CVS structure relative to a family
{wi : Vi = V}ier of linear maps so that V' is the span of J,; ¢i(Vi), then L.(V') carries
the initial convergence structure relative to the family {¢} : L(V') — L(V;) }ier.
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Proof. Fix f € L.(V). We must show that a filter .# converges to f if and only if
Oi(F) — ¢i(f) for all i € I. Since each y; is continuous and linear, we have that
each ¢/ is as well by Proposition Thus, if a filter .# converges to f in L.(V),
then it certainly must be that ¢} (%) — ¢/(f) foralli € I.

We now consider the converse. Suppose ¢}(.#) — ¢i(f) for all i € I. To show
that .# — f — 0, we will show that .# — f contains the polar of each finite subset of
V and for every filter G — 0in V there is G € G so that G° € .# — f. This suffices

due to Corollary 4.5.11

Let N = {zM 2@ . 2™} C V. Foreachi € I and k = 1,...,n, we may find
v € V; only finitely many of which are non-zero so that 2 = 3. ¢:(v!*)) since
V is the span of | J,.; ¢i(Vi). Let M € Z* be larger than the number of non-zero
terms appearing in these sums. Fixing i € I, since ¢}(.# — f) — 0, we have that
@i (F — f) contains the polar of N; = {Mvi(l), le@), o Mvi(”)} by Corollary
There is thus some F; € .% — f so that ¢}(F;) C N7. Observe that for all but finitely
many ¢ € /, we have N; = {0} so that NY = L(V}) in the case that N; = {0}. In this
case, we choose I; = L(V). Thus, F' = [, F; is (equal to) a finite intersection of
elements of .# — f and we may conclude F' € .% — f. We now claim that F' C N°.

Letk =1,....,nand h € F. We have that

™) =" howi(v)

el
=> @),
icl
We thus have that
Az @) < 37 1 () ()
icl
= (1/M)|gh(h) (M)
icl
< Z 1/M (with I* indexing the non-zero summands)
il
< M(1/M)
=1.

Therefore, FF C N°and N° € . — f.

Now, let G — 0in V. By Corollary we may find finitely many indices J C [/
and for each j € J a filter G; converging to 0 in V; so that

G2 (6.

jedJ
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For each j € J, we have that ¢,(# — f) — 0. Thus, by Corollary since
|J|G; — 0, there is G; € §; so that (|J|G;)° € ¢j(F — f). There is thus some
F; € 7 —fsothat o}(F;) C (|J|G))°. Let FF =, Fyandlet G = . ; 0;(G)) € G.
Leth € F'and x € G. For each j € J, we may find v; € G sothatz =3, _; ¢;(v;).
We then have

h(z)] < |hog;(v;)]
jeJ

= (/1) o @i(|I]v;)]

jeJ

— Z(l/u!)\w}(h)(\ﬂ%)\

< 1.

Therefore, h € G° so that F' C G°. Therefore, G° € .% — f.

We now may conclude that . — f — 0in £.(V) as desired. QED

Corollary 4.5.20. If V and W are CVSs © : V. — W is a quotient map, then n' :
L(W) = L.(V) is an embedding onto (ker 7)*.

Proof. We first show that 7’ is an injection and that 7'~ : #'(L.(W)) — L.(W) is
continuous.
Since 7 is surjective, we have by Proposition that

ker’ = n(V)t =W+ = {0}

so that 7’ is an injection.

By Theorem we have that £.(W) carries the initial convergence with re-
spect to . We then have that 7'~ : 7/(L.(W)) — L.(WW) is continuous by the
universal property of initial convergence applied to the fact that 7’ o 7/~! is merely
the injection of 7'(L.(W)) into L.(V') which is continuous.

Now, suppose that ¢ € L.(W). Suppose that v € kerm. We then have that
7 (p)(v) = ¢ ow(v) = 0 so that 7/(p) € (kerm)*. Now, suppose that ¢y € L.(V)
and ¢ € (ker 7)+. By the universal property of quotients, there is some ¢’ € L.(W)
so that ¢ = ¢/ o m = 7/(¢). Thus, ' (L(W)) = (ker m)L. QED

Corollary 4.5.21. If V is a CVS with subspace M, then L.(V/M) = M=+,
Theorem 4.5.22. If {V;}.c; is a family of CV'Ss, then there is an isomorphism
u: L, (HV;) — EDEC(V;)
icl iel

where for each linear functional f in the domain we have u(f) = (f oe;)ierand e; : V; —
[Lc; Vi is the usual injection.
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Proof. We first must address well definition. Certainly, for any ¢ € I and continu-
ouslinear f : [[,.,; Vi — K, the coordinate maps foe; : V; — K are continuous linear
functionals. We must check that only finitely many are non-zero. Suppose not, that
is for some infinite J C I and each j € J there is v; € V; so that f(e;(v;)) # 0. With-
out loss of generality, we may have f(e;(v;)) = 1 and J = {jj, ji, ...} countable. For
eachn € N, define 2, € [[,.; Viby foreachi € I
(2) 0 i¢Jori=j,€Jandk <n
Zn)i =
v; else

By this definition, we have that for alln € N

0=zt Y ei(vy)

k<n

and

f(z0) = f(zn) + 1.

Consider the net o : N — [],., V; given by o, = z,. We have that « — 0 since
each coordinate is eventually zero. By continuity of f, we then have that f(a) — 0.
But this is impossible since f(z,) = f(29) — n. From this contradiction, we have
that f o e; must be zero for all but finitely many ¢ € /. We then have that u is well
defined.

We will next show that « is an injection. Suppose that f is a continuous linear
functional on [[,., Vi with f € keru. Place a well ordering < on I with minimum
s and maximum ¢. Let v € [[,., Vi. Define anet o : I — [],.,V; so that the i-th
coordinate of «; is given by

<ozj>i:{0 1<y

v, J<1

for all 7,7 € I. Observe that « — «;. Thus by continuity of f € keru, we have
fla) = 0 = f(oy). We claim that f(a) is constant with value f(«a;). Suppose
to contradiction that f(«) is not constant. Since [ is well ordered, there is least
s < iy € I sothat f(ay,) # f(os). We distinguish two cases, iy is the successor of
some 7, or not. First, suppose i, is the successor of i(,. Let z € [[,.; Vi be given by

v {(am i=i

0 else

for each i € I. We have that a;, = a; — . We see that f(z) = 0. Thus, f(a;,) =
f(ai) = f(a,). Now, suppose that iy has no predecessor. Let J = {j € I : j < ig}.
We have that «|; — «;,. Then we have f(a|;) — f(«;,). But since this is a constant
net in K with value f(«as), we have f(a;,) = f(as). This contradiction proves that
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f(«) is constant. We now have that f(«a) is a constant sequence converging to 0.
Therefore, f(a;) = 0. Since oy = v, we have that f(v) = 0. This holds forall v € V,
so we have f = 0. Therefore, ker u = {0} and u is an injection.

We now show that u is a surjection. Let f = (fi)icr € @,c; Lc(Vi). Note that
only finitely many of the f; : V; - K may be non-zero. Let g : [[,.; V; = Kby

QZZinWi

el

il

where 7; : [[..; Vi — V are the usual projection maps. This is well defined since
only finitely many f; are non-zero. Further, this is continuous and linear since it is
a sum of compositions of such functions. It is clear that u(g) = f

We lastly show that u is continuous. Since v is linear, it suffices to show that u
is continuous at 0. Consider a filter .# — 0 in £, ([],;Vi). Define a filter on

[;e; Vi given by

g:{GgH%

iel

G 2 [l;e; Ai sothat A; =V for all but finitely many i € /, }
and A; = {0} otherwise

We have that G — 0 since 7;(G) = [0] for all i € I. Thus, .#(G) — 0in K, and there
is some F, € .# and G, € G so that F,(Gy) C D. By construction of G, we may find
finite J C I so that when

g {0} ieJ
v, eI~ J

we have

F0<HAZ~) C D.

i€l

In particular, for each i € I \. J and n € Nand v € V;, we have that F;(e;(nv)) C D.
Since Fy(e;(nv)) = nky(e;(v)), it must be that Fy(e;(V;)) =0foralli € I ~ J.

For each i € I, we know that the adjoint ¢ : L. ([],.; Vi) = L.(V;) is linear and
continuous. We thus have that ¢;(.%#) — 0in L.(V;) foralli € I. For each i € I, let
E; : L(Vi) = @,c; Lc(Vi) be the usual injection. As this is linear and continuous,
E;(ei(Z)) — 0. We now see that

)

u(F) 2 ) Ei(€j(F))

jedJ
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since for any F' € .F

ﬁeF}

U

jeJ
jeJ

feF}

ZE (foej): fGF}

Jje€J

> Ei(foe): feFﬂFo}

jedJ

U

D=5
P
{
{

{(foe)ier: feFNF}
u(F).

M

Therefore, u(.#) — 0in ,.; L.(V;) and u is continuous.

We must lastly show that ™" is continuous. One cansee for f = (f;)icr € B,c; Le(V5)
that

Ejﬁom

To show that ! is continuous, it suffices to show that for all i € I, the composition
ut o By : Lo(Vi) = L ([],c; Vi) is continuous. Note thatif i,j € I and f € L.(V5),
then

fom i=]
E;f):om;
(Eif)som = {0 oy

Thus, u ! o E; = 7/ which is certainly continuous.
(A

We have now that u is a linear homeomorphism as desired. QED
Theorem 4.5.23. If {V;},c; is a family of convergence vector spaces, then
L. (EB%) S v
iel iel

given by u(f) = (f o e;)ic1, where e; : V; — @, Vi is the defining injection, is a linear
homeomorphism.

Proof. 1t is clear that v is linear and well defined.

We will show that « is a bijection. Suppose f € ker u. We then have that foe; =0



132 Chapter 4. Convergence Vector Spaces

for all 7 € I, but since @, V; is spanned by | J,.; ¢;(V;), we have that f = 0. There-
fore, u is an injection. Now, suppose that (f;)ic; € [[;c; £c(V;). For each j € I, let
7; : @,c; Vi = V; be the usual projection. Define g : @,., Vi — Kby

g(0) = 3 fromlv)

el

which is linear. To show that g is continuous, it suffices to show that each composi-
tion goe; is continuous. This composition is continuous because goe; = f; € L.(V;).
Further, it is clear that u(g) = f so that u is surjective.

We will next show that u is continuous. As u is a map into a product space, we need
merely show that P; ou is continuous for each projection P; : [],.; L.(V;) — Lc(V)).
Notice that P; o u = ¢} which is continuous. Note that

Lo (@i Vi) —— L)
-l
[Tt £(V)

commutes for all j € 1.

We finally show that u™! is continuous. Suppose that .# — 0 in [],.; L.(V}).
For all j € J we must then have P;(.#) — 0. Therefore, ¢/ o u™'(#) — 0.
Since L. (@D,c; Vi) is initial with respect to the ¢} by Theorem we have that
u ' (F) — 0. Therefore, u ™! is continuous at 0 and thus everywhere.

We conclude that « is a linear homeomorphism. QED

The following proposition is rightly a corollary to Theorem which was de-
layed as it requires adjoint mappings.

Proposition 4.5.24. If X is a c-embedded space and for each K C X compact we denote
by ex : K — X the inclusion map, then

LC(X) = J{(e3)(LC(K))) : K € X compact }.
Proof. Clearly, it suffices to show that
LC.(X)C U{(e*)’(ﬁ C.(K))): K C X compact }.

Fix ¢ € LCO(X). Then || : C(X) — R is a continuous seminorm. By Theo-
rem there is compact K C X and M > 0 so that

lp(f)] < Msup|f]
K
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forall f € C(X).

Lete : K — X be the embedding map. This gives rise to the continuous restriction
e’ : C(X) = C(K). We will show that e* is a surjection, that is any continuous
[ K — K may be extended to X.

Let i : K — tych(X) be the domain restriction of the quotient map. We will ar-
gue that i is an embedding. Suppose z,y € K are distinct. Since X is functionally
Hausdorff due to being c-embedded, we have that the constant net at  does not
converge to y. There is then some continuous f : X — K which distinguishes be-
tween = and y. Thus, i(z) # i(y) and we have that ¢ is an injection. Further, it is the
restriction of the quotient map and thus continuous. Lastly, since K is a compact
c-embedded space, it is topological Corollary The codomain restriction of
i is then a continuous surjection from a compact topological space to a Hausdorff
space, so that it is a homeomorphism by Proposition

We thus may view K as a subset of tych(X). Since it is a compact subset of a
Tychonoff space, any continuous f : K — K may be extended to a continuous

f:X = K (see Appendix B We may then continue this to X by composing

with the quotient ¢ : X — o(X); thatis, foq : X — Kextends f forany f € C(K).
In other words, we have that C(K) = {f|x : f € C(X)}.

Observe that if g, f € C'(X) agree on K, then

lo(f —9)l < Msup|f —g| =0

so that ¢(f) = ¢(g). Thus, we may safely define ¢ : C(K) — Kby ¢(f|x) = ¢(f).
Certainly, we know that

p=poe = () ()

so that it only remains to show that ¢ is continuous. Suppose we have net A in
C(X) so that A|x — f|x for some f € C(X). This is equivalent to (A — f)|x — 0.
We now have

(A= f)] < MSl}l(plA— fl=Msup |(A— f)lx] =0

so that o(A) — ¢(f) and thus, o(A|x) — @(f|x). Therefore, ¢ is continuous which
concludes the proof. QED

4.6 Reflexivity

In this section we define reflexive convergence vector spaces and prove that the
paradual of any convergence space is reflexive.
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Lemma 4.6.1. If V isa CVS, then map jy : V — L. L.(V) given by jy (v) = ev, is well
defined, linear, and continuous.

Proof. Linearity of jy clear as is the linearity of ev, : £L.(V) = K forany v € V. We
next check that jy (v) is continuous. Suppose we have anet A — fin £.(V). We
have that ji (v)(A) = A(v) — f(v) = jv(v)(f). Thus, ji (v) is continuous for each
velV.

We lastly check that jy is itself continuous. This follows by Corollary [3.2.11] since
its primary transpose is ev : V' x L.(V') — K which is continuous. QED

Notation 4.6.2. If V and W are CVSsand f : V — W is linear and continuous, then
the adjoint of the adjoint of f is denoted by f” : L. L.(V) — L. L.(W); that is by
f// — (f/)/.

Remark 4.6.3. A straightforward diagram chase shows that if V. and W are CVSs
and f : V — W is linear and continuous, then

v— 1 w

] o

Lc LC(V) — Lc LC(W>

commutes. It is often convenient to write v for ji (v) = ev,. The commutativity of
the above diagram then reads as f”(v) = f(v) forallv € V.

Definition 4.6.4. If I is a CVS, then V is called reflexive when jy is an isomorphism,
i.e. a linear homeomorphism.

Proposition 4.6.5. If V and W are isomorphic CV'Ss, then V' is reflexive if and only if W
is.

Proof. Let h : V. — W be an isomorphism. It follows that 2" is an isomorphism.
Suppose jy is an isomorphism. Observe that ji- = h” o jiy o h™! is a composition of
isomorphisms and thus an isomorphism. QED

The last result of this section will be that paraduals are reflexive. We will first need
two lemmas.

Lemma 4.6.6. If V is a convergence vector space, a subset B C L(V') is called equicon-
tinuous when for any € > 0 there exists for each v € V a vicinity U of v so that for all
b e Bandw € U one has |b(w) — b(v)| < e. If B is equicontinuous, then the weak* and
continuous subspace convergence structures on B are identical.

Proof. Let B, and B. denote B with its weak* and continuous convergence respec-
tively. By Corollary we know that the identity map B. — B, is continuous
and so it is left to demonstrate that the inverse is continuous. Suppose f € B and A
isanetin B with A — fin B,. Suppose a is anetin V with « — v for some v € V.
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Fix € > 0. There is some vicinity U of v so that that for all b € B and w € U one
has |b(w) — b(v)| < e. In particular, for each ¢ € dom(A) one has |A,(w) — Ay(v)| < €
for each w € U. Since a — v, we have that a €., U. Thus, for i € dom(«) large
enough and any ¢ € dom(A) there holds |A,(«;) — As(v)| < €/2. Since A — f in the
weak* sense, we have that A(v) — f(v). Thus, when ¢ € dom(A) is large enough,
we have |A/(v) — f(v)| < €/2. It follows by application of the triangle equality that
for ¢, i large enough |Ay(a;) — Ay(v)| < e. Therefore, A(a) — f(v). As this holds for
all v € V and nets &« — v in V, we have that A — f in B, as desired. QED

Lemma 4.6.7. If V' is a normed space and B denotes the closed unit ball in L,,(V'), then
B is equicontinuous.

Proof. Fixe > 0and 1,e > 0 > 0. Letv € V and w € B(v,6) and ¢ € B. We then
have ||w — v|| < e so that ||(w — v)/€|| < 1. We compute

[p(w) = @(v)| = €elp(w —v)/€]
< ¢l|ol| (definition of operator norm)
<e€

so that B is equicontinuous. QED
Theorem 4.6.8. If X is a convergence space, then C.(X) is reflexive.

Proof. Recall from Definition the map ix : X — C.C.(X). We restrict the
codomain and redefine to obtain iy : X — L.C.(X). Next, we consider i} and
restrict the domain to obtain i : £, L. C.(X) — C.(X). Observe thatif f € C.(X)
and x € X, then

Thus, i% o jc.(x) = ide,(x). To show that i% is also a right inverse for jc,(x), it
suffices to show that 7% is an injection.

Let V' denote the subspace of L. C.(X) spanned by iy (.X). Suppose that V' is dense
in £.C.(X). Suppose there are ¢, € L.L.C.(X) so that i%(¢) = i%(¢). Let
f e L.C.(X). We may find anet o in V so that & — f. By continuity, we have that
p(a) = ¢(f) and ¢ () = ¥(f). Observe that for any index a for o, we may find
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M,y € Kand 24, ..., 2, € X so that

() = so(if;mm)

so that p(a) = ¥(a). Since K is Hausdorff, we have that ¢(f) = #(f) and thus
¢ = 1. We conclude that to show that % is injective, it suffices to show that V' is
dense in L. C.(X).

We first consider the case wherein X is a compact topological convergence space.
In this case, we have by Corollary that C.(X) is a Banach space under the
supremum norm. Let || - || : C.(X) — R denote the supremum norm on C.(X) and
let || - || : £LC.(X) — R be the usual operator norm

[lpl] = sup{[f ()] - |l=|] < 1}.
Define
B={peL.CX): [lg] <1}
and
E={aix(z):a€eK A |Ja|=1 AN z € X}.

It is knowr[| that E is the set of extreme points of B. Further, B is compact by
the Banach-Alaoglu theoremF| Thus, the Krein-Milman theorenytells us that B =
co(E) where this closure is taken with respect to the weak*-topology. By Lemma
and Lemma be have that B = co(F) = a(co(F)) in the continuous conver-
gence structure as well. Thus, if ¢ € L£.C.(X), either ¢ = 0 € V or there is a net
ain co(E) C V so that o — ¢/||¢|| and ||¢||la — ¢ in the continuous convergence
structure. Since ||| is a net in V, we then have that V' is dense if £.C.(X) as
desired.

’See Lemma V.8.6 of [Dun58]
8See, for instance, Theorem 8.4.1 of [NB10].
9See, for instance, Theorem 9.4.6 of [NB10].
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We proceed to the case in which X may not be compact. Since C.(X) = C.(c(X)),
we may assume that X is c-embedded. Every compact K C X is c-embedded and
thus topological and we note that

K « : s X

i | Jix

LoCoK) ———— L.Cu(X)

commutes. If A C £.C.(X) define [A] to be the subspace of L. C.(X) spanned by
A. We see that

so that
cl([ix (X)) 2 J{i (L. Co(K)) : K € X compact}.

This right hand side is exactly £.C.(X) by Proposition Therefore, V' =
lix(X)] is dense in L. C.(X) which establishes that i% is an injection. This in turn
implies that i% is right inverse to jc,(x). Since we have already shown this to be a
left inverse, we have that jc, (x) is an embedding and C.(X) is reflexive. QED






Conclusion

Here ends this introduction to convergence spaces, introducing basic properties
and constructions in this setting. It has been shown that convergence spaces ex-
tend the notion of topological spaces and capture types of convergence which are
fundamentally non-topological. Hopefully the reader has seen the benefits offered
by convergence spaces, including a natural and painless proof of Tychonoff’s the-
orem and a canonical convergence structure for function spaces.

It hardly need be said that there is much more to the study of convergence spaces
than is contained in this thesis. In his PhD dissertation [Pat14], Patten explores
a natural convergence structure on reflexive digraphs and extends the notion of
differentials from single variable calculus to the broader setting of convergence
spaces. The text [DM16] by Dolecki and Mynard offers an introduction to topology
from the viewpoint of convergence spaces and delves much further than this work
into convergence theory. Of much interest to this author is the extension of the
idea of completeness of metric spaces to the larger setting of convergence spaces
where it remains closely tied to compactness. The functional analytic side of con-
vergence theory can be explored more deeply in [BB02]. Here one finds, amongst
other fascinating topics, convergence theoretic versions of the Hahn-Banach and
Banach-Steinhaus theorems.






Appendix A
Some Category Theory

The language of category theory is used sporadically throughout this work. This
appendix gathers together some basic terms and results so that a reader unfa-
miliar with category theory need not find another source. Sections one and two

draw from [Leil4] while sections three and four are based on Chapters 4 and 5 of
[BBT20].

A.1 What Are Categories?

Definition A.1.1. A category C consists of the following data
1. A collection ob C called the objects of C. We write A € C for A € ob C.

2. For each A, B € C a collection Hom(A, B) of morphisms. If f € Hom(A, B),
we say that the source of f is A and B is the target of f. One writes f : A — B
to mean f € Hom(A, B). Two morphisms of C may only be equal if they
have the same source and target.

3. For each A, B, C € C a function
o: Hom(A, B) x Hom(B,C) - Hom(A, C)

which is associative, thatisif A, B,C,D e Cand f: A— Bandg: B — C
and h: C — Dthenho(go f)=(hog)of.

4. For each A € C a morphism id4 € Hom(A, A) so that for all B € C, all
f:B— A,andallg: A — Bthatidjof = fand goidy = g.

Example A.1.2. SET is the category with
1. objects: sets,
2. for sets A, B the morphisms Hom(A, B) are the functions from A to B,

3. composition: the usual composition of functions.
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Example A.1.3. TOP is the category with
1. objects: topological spaces,

2. for topological spaces A, B the morphisms Hom(A, B) are the continuous
functions from A to B,

3. composition: the usual composition of functions.
Example A.1.4. If G is a group, one may consider the category with

1. objects: a single object X,

2. Hom(X, X) =G,

3. If g,h € Hom(X, X) then g o h = gh is the product of g and h in G.
Example A.1.5. If C is a category, one may consider the opposite category CP

1. objects: ob C,

2. Homcer (X, Y) = Home (Y, X).

3. So that, denoting composition in C with o and in C°? by %, we have f x g =
golf.

Definition A.1.6. If C is a category with objects A, B, a morphism f : A — B is
called an isomorphism when there exists a morphism g : B — A so that go f =idy
and f o g = id. When there exists an isomorphism between object A, B € C, one
says A and B are isomorphic and writes A = B.

Definition A.1.7. A category C is called locally small when for each X,Y € C the
collection Hom(X,Y) is a set.

Definition A.1.8. A category is called small when it is locally small and the collec-
tion of objects is a set.

Definition A.1.9. Suppose A is a family of objectd"|in a category C. The categorical
product of A, if it exists, is an object [ [ A of C along with morphisms 74 : [[A — A
for each A € A so that for any object 2 of C with morphisms f, : Q@ — A for each
A € Athere is a unique morphism 4 : Q — [ A so that

0" T1A
&lm
A

commutes for each 4 € A.

10Note that this family may be of objects with indices so that a single object may appear more
than once.
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Notation A.1.10. If A = {A;, Ao, ..., A, }, write A] x Ay x -+ x A, for [ A.

Example A.1.11. In SET, the cartesian product is the categorical product. In TOP, the
cartesian product equipped with the product topology is the categorical product.

Definition A.1.12. Suppose A is a family of objects in a category C. The categorical
coproduct of A, if it exists, is an object [ [ A of C along with morphisms ey : A —
[I A for each A € A so that for any object 2 of C with morphisms f4 : A — Q for
each A € A there is a unique morphism A : [[. A — 2 so that

[[A =@

commutes for each A € A.
Notation A.1.13. If A = {A;, Ao, ..., A, }, write Ay U Ay LI --- U A, for [T A.

Remark A.1.14. The universal property of products and coproducts determines
these objects up to isomorphism, that is any two objects satisfying either Defini-
tion or Definition [A.1.12| (for the same collection of objects) must be isomor-
phic.

A.2 Functors, Natural Transformations, and Equiva-
lence of Categories

Definition A.2.1. If C and D are categories, a functor F' : C — D consists of assign-
ments

1. for each A € C an object F'(A) € D, and

2. for each A, B € C and morphism f : A — B a morphism F(f) : F(A) —
F(B)

so that
1. F(ids) = idp(a) for each A € C, and

2. foreach A, B,C € D and functions f : A — Band f: B — Cthat F(go f) =
F(g) o F(f)-

Remark A.2.2. Each category C has an identity functor idc : C — C which does
nothing to objects or morphisms.

Definition A.2.3. A functor /' : C — D is called faithful (resp. full) when for all
A, B € C, the assignment Hom(A, B) — Hom(F'(A), F(B)) given by f — F(f) is
injective (resp. surjective).
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Definition A.2.4. A functor F': C — D is called essentially surjective on objects if for
all B € D thereis A € Cso that F'(A) = B.

Definition A.2.5. If C and D are categories and F,G : C — D are functors, a
natural transformation o from F to G consists of the following data:

1. for each object A € C a morphism a4 : F(A) — G(A) in D called the compo-
nent of cvat A

2. so that for all objects A, B € C and all morphism f : A — B, the diagram

£(f) F(B)

o Jes

commutes. Two natural transformations between the same functors are called
equal when their component morphisms are equal.

Remark A.2.6. It is not difficult to verify that the composition of natural transfor-
mations via the composition of their components results in another natural trans-
formation. Further, each functor has an identity natural transformation, i.e. one
whose components are each identity morphisms. Thus, for categories C and D,
one may consider the functor category [C, D] whose objects are functors from C to
D and whose morphisms are natural transformations.

Lemma A.2.7. A natural transformation « is a (natural) isomorphism of functors F, G :
C — D if and only if each component o 4 is an isomorphism for each A € C.

Proof. Suppose « is an isomorphism. We then have that there is some natural trans-
formation a~! from G to F so that aa™' = id; and o 'a = idr. However, we know
the components of a composition are just the composition of components and the
components of the identity natural transformation are simply the identity maps.
That is, for each A € C, we have ozAaZl = idga) and a;llaA = idp4). Thus, each
component of « is an isomorphism.

Now, suppose that for each component a4 of @, we have an inverse a;'. It suf-
fices to show that the a;' form the components of a natural transformation from
G to F. To this end, let f : A — B be a morphism in C. Indeed, it follows from

G(f)oas=apoF(f)
and the existence of a;" and a};' that
ap G(f) = F(f)ay!

which is naturality of the transformation with components o' for each A € C.
QED
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Definition A.2.8. Two categories C and D are called equivalent when there exist
functors F': C — D and G : D — C and natural isomorphisms « : F'o G — idc
and 5 : Go F — idp.

Theorem A.2.9. Categories C and D are equivalent if and only if there exists a functor
F : C — D which is full, faithful, and essentially surjective on objects.

Proof. Suppose C and D are equivalent categories. We produce functors F' : C —
D and G : D — C and natural isomorphisms o : F'o G — idp and 3 : idc — G o F.
We will prove that F'is full, faithful, and essentially surjective on objects.

Suppose B € D. We then have that G(B) € C and F o G(B) € D. Further,
ap : FoG(B) — B is an isomorphism since « is a natural isomorphism. Thus, F
is essentially surjective on objects.

Now, suppose that f, f' : A — A’ are morphisms in C so that F'(f) = F(f’).
Thus, G o F(f) = G o F(f'). Consider the following two naturality squares glued
together:

> A
6Al lﬁA’

GoF(A) —MD o o pa)

ﬁ;ll lﬁ;}
s A

f/

This whole diagram commutes, from which one may read f = f’. Thus, F is faith-
ful. By analogous reasoning, G is faithful.

Lastly, let A,B € C and ¢ € Hom(F(A),F(A')). We define f : A — B by
f = B5'G(g)B4. By naturality, we have that

GoF(A) MY qo F(B)

o] oo

commutes. From this, one may determine that G(g) = G o F'(f). By faithfulness of
G,wehave g = F(f). Thus, F'is full.

Now, we proceed to the other direction. Let F' : C — D be full, faithful, and
essentially surjective on objects. We will construct G : D — C witnessing the
equivalence of C and D. By the essential injectivity on objects of I, for each B € D,
we may find some G(B) € C so that F(G(B)) = B with isomorphism witnessed
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by vs. Now, supposing that B, B’ € D and there is some map f : B — B’, one
considers the composition:

Vo' [y8  F(G(B)) = F(G(B)).

By fullness of F', we have some G(f) : G(B) — G(B’) so that F(G(f)) = 75 fB-
We claim the object and morphism assignments given by B — G(B) and f — G(f)
define a functor G : D — C. Let B € D. We have that F'(G(idg)) = idpc(s)), and
by faithfulness of F'that G(idg) = idg(p). A similar process and invocation of faith-
fulness also shows that G respects composition.

We now need only show that ' o G and G o F satisfy the appropriate naturality
condition. We claim for each B € B that 73 is the component of a natural isomor-
phism v : F'o G — idp. That each component is an isomorphism has already been
established. The commutation of the appropriate naturality square is given purely
from the definition of G applied to morphisms.

Lastly, we must find a natural isomorphism o : G o F' — idc. Suppose A € C.
One then has ypa) : F(G o F(A)) — F(A). By fullness of F, we may find oy :
G o F(A) — Aso that F'(aa) = vpa). We claim that this defines the components of
the natural isomorphism «. Note that a4 is invertible as thereis 5 : A — G o F'(A)
so that F(8) = 754 (by fullness of F), so that F(Sa.) = F(aaf) = idp(a) which
implies 8 = a;;' by faithfulness of F. It remains to show that « is natural. Let
A/A"e Aand f: A — A'. Consider the naturality square

A ! y Al

as] X

GOF(A) T(f)) GOF(A,)

which commutes by definition of a and faithfulness of F'. QED

Proposition A.2.10. Suppose C and D are categories and F' : C — D is a full and
essentially surjective on objects functor. For any objects A, B € C so that A x B exists,
then F(A) x F(B) exists and FI(A x B) = F(A) x F(B).

Proof. We have that F'(m4) : F(Ax B) — F(A) and F(ng) : F(A x B) — F(B).
Suppose that (2 is an object of D with f : @ — Aand g : Q@ — B. Since F is
essentially surjective on objects, we have some W € C so that 2 = F(WW). Let
h: F(W) — Q witness this isomorphism. We have that foh : F(W) — F(A) and
goh: F(W) — F(B). By fullness of F, thereissome f': W — Aand ¢’ : W — Bso
that F'(f') = fohand F(¢') = g o h. By the universal property governing products
in C, there is some w : W — A x B so that
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commutes. From this we conclude that

\oh 1

F(A x B)

lF (ma)

F(B)

<~

commutes. Thus, F(A x B) = F(A) x F(B) QED

Definition A.2.11. If C and D are categories, we say that D is a subcategory of C
when the collection of objects and morphisms of D is a subcollection of the objects
of C and the inclusion D — C is a functor.

A.3 Limits and Colimits

Definition A.3.1. A diagram in a category C is a functor D : J] — C where J is a
small category. One says that the diagram D is J shaped. Given an object A € C one
has access to the constant .J shaped diagram J , which sends each object of J to A and
each morphism to id 4.

Definition A.3.2. Given a diagram D : J — C and an object A € C, a cone from
A to D is a natural transformation J, — D and a cone from D to A is a natural
transformation D — J ,.

Definition A.3.3. A limit of a diagram D : J] — C is an object lim D of C along with
aconen : limD — D so that for all A € C and cones v : A — D there exists a
unique morphism h : A — lim D so that for all J € J the diagram
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I~

limD —— DJ
nJ

commutes. Likewise, a colimit of D is an object colim D of C along with a cone
€ : D — colimD so that for all A € C cones A : D — A there exists a unique
morphism A : colim D — A so that for all J € J the diagram

DJ

colim D —0 A

commutes.

Proposition A.3.4. If S : J — Cis a diagram with limit lim D and A € C is isomorphic
to lim D, then A is a limit of D.

Proof. Let f : A — lim D be an isomorphism. Let 7 : lim D — D a cone witnessing
that lim D is a limit. For each J € J, definee; : A — DJ by €; = 1, f. One sees that
this defines a cone e : A — D. Suppose v : B — D is a cone. We observe that

B
| N

A—— DJ
commutes where h is the unique morphism making
B
| N
imD —— DJ

commute. Should any other 2’ make

NS

commute, then

B
fh’l &

limD —— DJ
nJ

commutes so that fh’ = hand 1/ = f~'h. This show that Ais a limitof D. = QED
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Proposition A.3.5. Limits and colimits of diagrams are unique up to isomorphism.

Proof. Suppose C is a category and D : J — C is some diagram. Suppose A and B
are limits of D with witnessing cones o : A — D and  : B — D. There are then
unique morphisms h; : A — B and hy : B — A so that for all J € ] we have that
the diagrams

B—>DJ DJ

B
l \ }”l Y
A a—J>
commute. But then we see that the diagrams

A A
idAl x thll x

Aa—J>DJ AQ—J>DJ

commute. Therefore, by the uniqueness clause in the definition of limit, we have
hohy = id4. By like reasoning we have hihy = idp so that h; and hy are isomor-
phisms.

The proof for colimits is similar. QED

Remark A.3.6. 1t is thus sensible to talk about the (co)limit of a diagram.

Example A.3.7. Let C be a category. Let A be any small subcategory with only
identity morphisms. Let D : A — C be given by D(A) = A. Then, if it exists,
limD =[] Aand colim D =[] A.

Definition A.3.8. The limit of a diagram of the shape

—
[ ] [ ]
~_

is called an equalizer. The colimit of such a diagram is called a coequilizer.

Definition A.3.9. A category is called complete if it contains limits for all its dia-
grams. A category is called cocomplete if it has colimits for all its diagrams.

Theorem A.3.10. A category is complete if it has all equalizers and small products (those
taken over sets). A category is cocomplete when it has all coequilizers and all small coprod-
ucts.

Proof. Suppose C is a category with all small products and all equalizers and D :
J — Cis a diagram. Define

A:HDJ.

Jej
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Thus, for each J € J we have projections 74 : A — DJ. Let Hom(J) denote the set
of morphisms in J and for each morphism f € Hom(J), denote by s(f) the domain
object of f and by ¢( f) the image object of f. Define

We have then for each f € Hom(J) projection 7rf B — Dt(f). Observe that for
each f € Hom(J) we have a morphism Df o 7r : A — Dt(f). We also have

Ty + A = Dt(f). Thus, by the universal property of products, we have unique
maps h,i: A — B so that for each f € Hom(J) the diagrams

A—" B A—" B

B
DfowD% l s
Di(y)

commute. Let €2 be the equalizer of

with w : 2 — A the given morphism with hw = iw. We claim that €2 is a limit of
D. For each J € J, define 7, : Q@ — D.J by 1; = 75 o w. We then see that for all
morphism f : J — J'inJ, the diagram

e \m/

commutes since

Dfony=Dforfouw

_ B
=Ty ohow

:Wfoiow

=nhow

= nJ/

This shows that the 7); are components of a cone  : 2 — D. Now, suppose 7 :
W — D is another cone. By the universal property of products there is a map
s: W — Asothatforall J €]

s

W —— A

> I

DJ
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commutes. Thus, we have for all f € Hom(J) that
Wfohos = Df oy
= M)
and
W?OiOS:WZ?f)OS
= Tt(f)-

So, by the uniqueness clause in the definition of products, we have that hos = ios.
Therefore, W has a cone over the diagram for which 2 is an equalizer. We thus
have a unique map r : W — Q) so that

W —50 -2 A4 B

commutes and wor = s.

We then have that for all J € J the diagram

w
Q — DJ
ns

commutes.

Lastly, suppose ' : W — Q) so that
w
r’l XJJ
QA ——— DJ
nJ

commutes. We then have that w o 7’ = s by the universal property constructing s.
But since (2 is the equalizer, this forces r = 7.

This shows that €2 is a limit of D as desired.

The proof for cocompleteness is similar. QED

Definition A.3.11. A functor F' : C — D is called continuous when for all dia-
grams D in C with a limit lim D, one has F(lim D) is a limit of F'D. Likewise, F is
called cocontinuous when for all diagrams D in C with a colimit colim D, one has
F(colim D) is a colimit of F'D.
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A4 Adjunctions

Throughout this section, all categories will be assumed to be locally small.

Lemma A.4.1. Suppose C and D are categoriesand L : C — D and R : D — Carea
pair of functors. Fix an object X of C and Y of D. The following are functors:

1. Hom(X, R—) : D — SET defined for objects Z, Z' € D with morphism f : Z — Z'
as

Hom(X, Rf) : Hom(X, RZ) — Hom(X,RZ') by g+ R(f)oy
2. Hom(LX, —) : D — SET defined for objects Z, Z' € D with morphism f : Z — 7'
as
Hom(LX, f): Hom(LX,Z) - Hom(LX,Z') by g~ foyg
3. Hom(—, RY') : C®* — SET defined for objects Z, Z' € C with morphism f : Z —
Z'as
Hom(f, RY) : Hom(Z', RY) — Hom(Z,RY) by g+ gof
4. Hom(L—,Y) : C°® — SET defined for objects Z, Z' € C with morphism f : Z —
Z"as
Hom(Lf,Y): Hom(Z', RY) — Hom(Z,RY) by g~ go L(f)
Definition A.4.2. Suppose C and D are categories. A pair of functors L : C — D

and R : D — Cis called an adjunction when for each object X € Cand Y € D
there is an isomorphism of sets

Axy : Hom(LX,Y) =2 Hom(X, RY)
so that for each X € C the family

Ax— :Hom(LX,—) - Hom(X, R—)
and for each Y € D the family

A_y :Hom(L—,Y) — Hom(—, RY)

is a natural transformation. In this case, L is called left adjoint and R is called right
adjoint.

There is another characterization of adjoints given by the next theorem.

Theorem A.4.3. An adjunction between categories C and D is a pair of functor L : C —
D called the left adjoint and R : D — C called the right adjoint along with natural
transformation 1 : ide — RL and € : LR — idp call the unit and counit of adjunction
so that for all X € CandY € D the diagrams
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LX 2", LRLX RY ™, RLRY

LX RY

commiuite.

Proposition A.4.4. Suppose L : C — D and R : D — C are left and right adjoints.
Then L is cocontinuous and R is continuous.

Definition A.4.5. A functor R : D — C is said to satisfy the solution set conditions
when for each object A € C there exists a set { B; };c; of objects in D and a set of
morphisms {f; : A — RB;}c; so that for any B € D and morphism f : A — RB
thereisi € I and h : B, — B so that

A f s RB
RB,

Theorem A.4.6 (Freyd’s Adjoint Functor Theorem). If D is a locally small, complete
category and R : D — C is a continuous functor satisfying the solution set conditions,
then R has a left adjoint.

For a proof of this result, see Chapter 4.6 of [Riel6].

Definition A.4.7. A (locally small) category C is called Cartesian closed, when for
each C € C the functor () x C': C — C has a right adjoint.






Appendix B

Net-Filter Equivalence and
Convergence as Functor

In this appendix, we describe the equivalence of nets and filters in the language
of category theory. We then give an alternative definition of convergence space
where the convergence structure is a functor and an equivalent definition where
nets are the primitive converging objects. As far as we know this characterization
does not appear in the literature and is completely new.

B.1 Net-Filter Equivalence

A key conceptual motif of Chapter [1|is that nets and filters are, in some sense, the
same thing. Using category theory, we can make this equivalence very precise.

Definition B.1.1. Given a set X we define two categories.
1. The first is the filter category of X, denoted ®(X).
(i) The objects of ®(X) are filters on X.

(ii) If F, G are filters on X, we set

(F.G) FCg
0 else

Hom(F,G) = {

(iii) Given morphisms (F,G) and (G, H), we define (F,G)o (G, H) = (F, H).
2. The second is the net category of X, denoted DM(X).
(i) The objects of 91(X) are nets in X.

(ii) If o, B are nets in X, we set

(o, B) B is a subnet of «
0 else

Hom(a, 8) = {
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(iii) Given morphisms («a, #) and (8, v), we define («, 3) o (5,7) = (a, 7).

with these definitions in place, we may consider the formation of eventuality filters
and derived nets as functors between the filter and net categories.

Definition B.1.2. For any set X, we define functors

1.n:®(X) - NX) by F — n(F), and if (F,G) is a morphism in ®(X), then
(F,G) = (n(F),n(9))-

2. £ :NX) = ©(X) by a — E(a), and if («, 8) is a morphism in (X)), then
(@, B) = (E(a), £(B))-

Remark B.1.3. These functors are certainly well defined on objects and are well
defined on morphisms by Definition (1) and Theorem [1.3.4]

Theorem B.1.4. For any set X, the categories (X)) and ®(X) are equivalent.

Proof. By Theorem it suffices to check that £ : 91(X) — ®(X) is full, faithful,
and essentially surjective on objects.

Since for any filter 7 on X we have £(n(F)) = F by Theorem [1.2.14} it follows
that £ is full.

Next, fix nets o, f in X. If Hom(«, ) = 0, then /3 is not a subnet of « and so by defi-
nition () € £(«) and so Hom(E(a), £(5)) = 0 too. Otherwise, we have (3 is a sub-
net of . By definition, we have £(«) C £(f) and Hom(E(w), £(5)) = (E(w), E(S))
while Hom(«, 5) = («, 5). We then see that £ is full.

Lastly, we have that £ is faithful since each hom-set in 91(.X') contains at most one
morphism.

We conclude that 91(X) and ®(X) are equivalent. QED

B.2 Convergence as Functor

Definition B.2.1. If X is a set, a filter convergence structure on X is a functor A :
d(X) — P(X) such that

1. forall x € X, we have x € A\([z]);
2. forall F,G € ®(X) we haveA(F) N A(G) C AN(FNG)

Remark B.2.2. Condition (2) may be reworded as follows. First, note that in light of
functoriality we have for any filter 7, G on X that

AMFNG) T AF)NAG).
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Thus, in fact, condition (2) is equivalent to
AMF)NAG) = ANFNG).

Further, finite limits in both ®(X) and P(X) are just intersection. So, property 2
can by rephrased as A preserves finite limits.

The idea here us that A assigns to each filter its set of limits. Indeed, it is not
difficult to see that this notion of filter convergence structure is identical to that
already in use. This new formulation does not immediately offer any benefit over
the usual definitions of convergence structure. The first payoff is that a similar
definition may be given for a net convergence structure without running into size
issues with the class of nets. It is then possible to prove that the corresponding
notions of convergence are identical.

Definition B.2.3. If X is a set, we define a net convergence structure to be a functor
A N(X) — P(X) such that

1. If ais a constant net in X with value z, then = € A\(«a);
2. for each a, f € M(X) we have A(a) N A(5) C Aa A B).
Theorem B.2.4. Let X be any set.

1. If A\, is a filter convergence structure, then Ay o € : (X)) — P(X) is a net conver-
gence structure and every net convergence structure arises this way.

2. If \y is a net convergence structure, then Ay o n : ®(X) — P(X) is a filter conver-
gence structure and all filter convergence structures arise this way.

Proof. We prove the first half of each statement first. Certainly, A\; 0o £ : M(X) —
P(X) is a functor with the proper source and target categories. Now, suppose that
« is a net in X with constant value x. We then have that £(a) = [z]. Since A, is a
filter convergence structure, then x € A\ [z]. We conclude that x € \; o £(a). Next,
supposing that «, § are nets in X, we have that £(a A ) = £E(a) N E(SH). Since A, is
a filter convergence structure, we have that A\ (£(«)) N A1(E(B)) C M (E(a) NE(S)).
This is then exactly that A, o E(a) N A1 0 E(F) C A\ o E(a A B). Thus, A\; o £ is a net
convergence structure.

A nearly identical argument holds for A, o . We of course have that this is a
functor with the proper source and target categories. If + € X, we have that
n([z]) = ap ~ a where « is any net with constant value . We have since \,
is a functor that \y(n([z])) = (). However, in P(X) the only isomorphisms
are equalities, so A2(n[z]) = A2(a). Thus, since ), is a filter convergence struc-
ture, z € Ay o 7([z]). Next, suppose that F,G are filters on X. We have that
n(FNG)=n(F)An(G). Thus,

X on(F)NAyon(G) C Ayon(FNG).



158 Appendix B. Net-Filter Equivalence and Convergence as Functor

Thus, A\, o7 is a net convergence structure.

Now, suppose that ) is any filter convergence structure. We claim that A = Ao &on.
This is clear since £ o = idg(x).

Lastly, suppose that A is any net convergence structure. We then claim that A
Aomno&. Thisis certainly true. If « is any net, then o ~ 7o £(a). Thus, A(«)
Aono&(a). But, again, the only isomorphisms in P(X) are equalities. So, A\(a) =
Aonoé&(a) QED

~

B.2.1 Continuity

Let X and Y be sets. A function f : X — Y induces two functors fg : ¢(X) — ®(Y)
and fp : P(X) = P(Y). These are given by fo(F) = f(F) and fp(A) = f(A) for
any filter 7 on X and any A C X.

Theorem B.2.5. Let X and Y be convergence spaces. Let \x and Ay be the filter conver-
gence structures inherent to X and Y. A function f : X — Y is continuous if and only if
there exists a natural transformation from fp o Ax to Ay o fs.

Proof. Suppose such a natural transformation A exists. For any filter 7 on X, we
then have a morphism from fp o Ax(F) to Ay o fo(F). Of course, this just means
fpoAx(F) € Ay o fo(F). Suppose that F — z in X. We then have x € Ax(F)
and f(z) € fp o Ax(F). Thus, f(x) € Ay o fo(F), so f(F) — f(z). This is exactly
continuity of f.

Now, suppose that f is continuous. Suppose F is a filter on X. By continuity,
if 7 — x, then f(F) — f(x). This is exactly that fp o Ax(F) C Ay o fo(F). Thus, if
F C G are filters on X we have that

fpodx(F) ——— fpoAx(9)

| |

Ay © fo(F) ———— Ay o fo(G)

commutes. This is the desired naturality diagram. QED



Appendix C

Some Topological Results

This appendix contains various results from topology for the reader’s convenience.

C.1 Normal Spaces, Urysohn’s Lemma, and Partitions
of Unity

The results of this section are standard, though many of the proof techniques used

here are inspired by the discussion on the relevant nLab pages.

Definition C.1.1. A topological space X is called normal when for every pair A, B C
X of disjoint, closed subsets of X there are open sets U O Aand V' O B so that
unv =40.

Proposition C.1.2. If X is a normal space and Y C X is closed, then Y with the subspace
topology is normal.

Proof. Let A, B C Y be closed and disjoint. We have closed subsets A*, B* C X so
that A= A*NY and B = B*NY. Since Y is closed in X, it follows that A and B
are closed in X. We may thus find U © Aand U O B open in X which are disjoint.
Thus, UNY 2 Aand V NY D B are open and disjointin Y. QED

Definition C.1.3. The dyadic rationals are {5> : a € Z N n € N}.

Remark C.1.4. The dyadic rationals are dense in Q. We will write Q for the dyadic
rationals.

Theorem C.1.5. A topological space X is normal iff for all closed C' C X and open sets
U D C there exists open V' such that

CCVCVCU.

Proof. Suppose X is normal. Let C' C U C X with C closed and U open. We have
that X \ U is closed. Since X is normal, we have that there exists open sets Uc O C
and Ux.y 2 X ~ C such that

UcNUxy = 0.
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It follows that Uc € X \ Ux.y. Since Ux.y is open, we have X \ Ux.y is closed.
Therefore,

CCUCU-CX~\UxpCU

where this last containment follows from X \ U C Ux.y. Eliding one of the sets in
the above yields

CCUcCUcCU
which is precisely the desired result.

We proceed to the other direction. Suppose that for all closed C' C X and open
sets U O (C there exists open V such that

CCVCVCU.

Suppose (', C; are disjoint closed subsets of X. We have that X \ C, is open. We
may then find open V' such that

CL,CVCVCX~(Ch

We then have glat C, C Vand Cy € X ~ V which is open. It is immediately clear
that V' N (X \ V) = 0. Thus, we may separate any two disjoint closed subsets of X
by open sets, that is X is normal. QED

Theorem C.1.6. (Urysohn’s Lemma) Suppose X is a topological space. Then X is nor-
mal iff for any disjoint, closed A, B C X, there exists continuous f : X — [0, 1] such that

f(A) ={0} and f(B) = {1}.

Proof. We will start with the simple direction of showing that X is normal if for
any disjoint, closed A, B C X, there exists continuous f : X — [0, 1] such that
f(A) = {0} and f(B) = {1}. Let A, B be closed, disjoint subsets of X and f :
X — [0, 1] have the aforementioned properties. We have that A C f~1([0,1)) and
B C (3, 1]). Since [0, 3) and (3, 1] are open and disjoint in [0, 1], the continuity
of f guarantees that their preimages are open and disjoint in X. Thus, X is normal.

We now proceed to the harder direction of the proof. Assume X is a normal space.
Define Cy = Aand U; = X \ B. Since AN B = (), we see that Cy C U;. By Theorem
[C.1.5we may find an open set U/, and closed set C} /, such that

Co C Uy C€Cipp C UL

This process may be iterated to obtain closed sets (' /4, C3/4 and open sets U, /4, Us4
such that

Co C Uy CCyy CUyp SOy C Uz CC3y4 CULL
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This process may be iterated indefinitely to obtain a collection of open sets
U={U,:rean(0,1]}
and a collection of closed sets
C={C,:rean(0,1]}
such thatifr,s € Qand r < s,
U, CC.CUs CC.

We the define f : X — [0,1] by

fa) = {ilnf{re on(0,1:2 €U} iigl

We observe that f(B) = {1} by definition and f(A) = {0} since the sequence
(1/n) € @N(0,1]. It only remains to show that f is continuous.

We note that because

is a subbase for the metric topology on [0, 1], we need only show that f~!((«, 1])
and f~'([0, «)) are open in X for any « € [0, 1]. We claim that

F (1) = Jx N G,

r>o

Suppose z € f~!((a, 1]). Thus a < f(x). Indeed, this means we may['|find a dyadic
rational s such that o < s < f(z). Indeed, we may find a second dyadic rational r
such that

a<r<s< f(z).
From this, one obtains = ¢ U
r< f(z)=inf{r e QNI0,1]: 2 € U,}

implies s ¢ {r € QN 0,1] : z € U, }. It follows that x ¢ C,. Therefore z € X \ C,
with r > a. We obtain

1)) ¢ Jx s o).

r>o

This follows from the dyadic rationals being dense in Q.
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To check the other containment, let z € X \ C, for some dyadic r > «. We have
x ¢ U,. Then f(x) > r. This demonstrates the other containment and we obtain

(1)) = Jx N @),

r>o

This is a union of open sets and thus is open.

Next, we claim that

FH(0.0) = J U

r<a

Suppose © € f7([0,a)). Then f(z) < a. There is then dyadic r such that f(z) <
r < a. This means x € U,. These steps run backwards to prove

FH0, ) = J U

r<a
Again, this is open as a union of open sets.

We know then that f is continuous and conclude the proof. QED
Proposition C.1.7. Compact Hausdorff topological spaces are normal.

Proof. Let X be a compact and Hausdorff topological space with closed, disjoint
subsets A and B. Note that A and B are compact. For eacha € Aand b € B find
disjoint open sets U, > a and V,,;, 3 b. For each b € B, the collection U}, = {U, :
a € A} is an open cover for A and thus admits a finite subcover ¢/;. Define

Vo= {Vap:a € Aand V,, € U;}

which is an open neighborhood of b and disjoint from each element of ¢/;. We have
that V = {V}, : b € B} is an open cover of B and thus admits finite subcover V'.
Define

U:ﬂ{ng:v;ev}.

We see that A C U which is open. We also have that B C V where V' = J V' which
is open. We last note that VN U = (). Therefore, X is normal. QED

Lemma C.1.8. If X is a normal space with finite open cover {U;}?_, then there exists an
finite open cover {V;}I'_, so that for each i = 1, ..., n we have

ViCc(Vi) CU;.
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Proof. If n = 1, this follows from Theorem Suppose n = 2. That is, we have
an open cover of the form {U;, Us}. We have that X \ U; and X \ U, are disjoint
and closed. By normality, we have disjoint open sets 1}, V' so that X \ U, C V; and
X~ U; CV'. We observe that

VicX\V' Ccl,
from which it follows from closedness of X ~ V' that
Vi C (V) C UL

Observe that {3, U,} is still an open cover of X. Thus, we may repeat the above
process to obtain open V, C U, with {V;, V2} an open cover of X and

Vo C (Vo) C Us.

Now, suppose n > 2. Consider the cover {U;, |J;_, U }. Repeat the above process
to find open V; C U; with the desired properties. Then split off each other U, in
turn and do the same. QED

Definition C.1.9. If X is a topological space, a partition of unity on X is a collection
{u; }icr of continuous functions u; : X — [0, 1] so that

1. For each z € X there are only finitely many ¢ € I so that u;(z) # 0;
2. Foreachz € X we have )., u;(z) = 1.

Further, if {U};c; is an open cover of X and for each i € I we have supp{u;} C U;,
then we say the partition is subordinate to the open cover.

Proposition C.1.10. If X is a compact, Hausdorff topological space and {U, }c1 is an open
cover of X, then there exists a partition of unity on X which is subordinate to {U, }c;.

Proof. Let J C I be a finite subset of I so that {U;}c, is an open cover of X. Since
compact, Hausdorff spaces are normal, we may find covers {W;};c; and {V;} so
that

W; C c(W;) € V; € cl(V;) € U

for each j € J. For each j € J we have disjoint closed sets cI(WW;) and X \ V;. Since
X is normal, Urysohn’s lemma guarantees a continuous function »; : X — [0, 1]
which takes 0 on cl(W;) and 1 on X \ V;. We observe that h;'({0}) C V; and thus
supp(h;) C cl(V;) C U,. Foreach ¢ € I \ J define h; : X — [0, 1] to be constantly
zero. Define N : X — [0, 1] by

N(z) = hi(z).
iel
Observe that this is well defined since at most finitely many of the »; may be non-
zero and that N(z) # 0 for all x € X. Further, N is continuous as a sum of con-
tinuous functions all but finitely many of which are uniquely 0. We next define for
each i € I the continuous function u; : X — [0,1] by u; = 2. We finally observe
that {u; };cs is a partition of unity subordinate to {U, }ic;. QED
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C.2 The Stone-Cech Compactification

This section proves the existence of the Stone-Cech Compactification and estab-
lishes some of its basic properties. For the most part, these results here are more
detailed versions of the discussion of the Stone-Cech compactification in [BBT20].

Definition C.2.1. Let CHAUS denote the category of compact Hausdorff topologi-
cal spaces and continuous maps. There is an inclusion functor U : CHAUS — TOP.
This functor has a left adjoint 3 : TOP — CHAUS called the Stone-Cech compactifica-
tion.

It is not immediately clear that U has a left adjoint. The following results will set
up an existence proof for 5 by means of Theorem - Freyd’s adjoint functor
theorem.

Lemma C.2.2. The category of topological spaces is complete.

Proof. By Theorem |A.3.10]it suffices to show that TOP has all (small) products and
all equalizers. Certainly TOP is closed under products. Additionally, it is not hard
to verify that the equalizer of a diagram

inTOPis {z € X : f(x) = g(x)} with the subspace topology. QED
Corollary C.2.3. The category of compact Hausdorff topological spaces is complete.

Proof. Since products of compact Hausdorff spaces are compact and Hausdorff, we
have that CHAUS is closed under (small) products. Further, if

is a diagram in CHAUS, one has that {z € X : f(x) = g(x)} is closed in X and thus
compact and Hausdorff when equipped with the subspace topology. So CHAUS
has all (small) products and equalizes and is therefore complete. QED

Corollary C.2.4. The inclusion functor U : CHAUS — TOP is continuous.

Lemma C.2.5. The inclusion functor U : CHAUS — TOP satisfies the solution set condi-
tions layed out in Definition

Proof. Fix a topological space X. If K is compact and Hausdorff and f : X — K,
then cl(f(X)) is compact and Hausdorff. Further, we have

! y K

cl(f(X))
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commutes when fis the codomain restriction of f and i is the subset inclusion
map. Observe that since each element of cl(f(X)) can be witnessed by a distinct
converging filter, this has cardinality at most | P| where P = P(P(X)). Construct a
set A in the following way:

o Take all subsets of P.

e Determine all compact and Hausdorff topological spaces whose underlying
set is a subset of P.

e Include each into A.

Define B to be the collection of all continuous functions from X into elements of
A. With these constructions, there will be Z € A with Z = cl(f(X)). Using this
homeomorphism, there will be i : X — Z and some continuous j : Z — K so that

commutes. These are the desired solution set conditions. QED
Theorem C.2.6. The inclusion functor U : CHAUS — TOP has a left adjoint.

Proof. With the preceding lemmas, we safely invoke the Freyd adjoint functor the-
orem. QED

Proposition C.2.7. For every topological space X, there is a map nx : X — (X so that
for all compact, Hausdorff K and continuous f : X — K there is a unique continuous

map f: X — K so that

X ! y K
BX

commautes.

Proof. Fix a topological space X. For all compact, Hausdorff space Y, we have an
isomorphism

hX7y : C(ﬁX, Y) — C(X, Y)

which is natural in Y. Define nx : X — X by nx = hxgx(idgx). Suppose K is
some compact Hausdorff space and f : X — Y is continuous. Define f : X — K
by f = hy'x(f). Naturality in Y tells us that
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c(Bx. 5x) —XD o(px k)

hx,ﬁxl th,K

C(X,8X) ——— O(X, K
(X, 8X) o7 (X, K)

commutes. If we trace idgx through both both upper and lower halves of the
diagram, we get

fonx =hxx(f)=f
which is exactly what it means for the desired diagram to commute.

It is left to show that f is unique. Suppose there is a continuous map g making

f

X > K
pX
commutes. We then have by naturality that
c(px, px) — 0 C(pX, K)

hx,/axl lhx,x

C(X,BX) —55— C(X,K)

commutes. Again, this means
hxx(9) =gonx = .
Since hy g is a bijection, g = fso that fis indeed unique. QED

Definition C.2.8. A topological space X is called Tychonoff when it is Hausdorff
and for every x € X and closed A C X \ {z} there is a continuous f : X — [0, 1]
so that f(z) = 1and f(A) = {0}.

Proposition C.2.9. Each Hausdorff normal topological space is Tychonoff.

Proof. Suppose X is Hausdorff and normal. We need only be able to separate
closed sets from points by continuous functions. However, since X is Hausdorff,
points are closed and we may merely invoke Urysohn’s lemma. QED

Proposition C.2.10. If X is a Tychonoff space, then nx : X — X is an embedding into
a dense subset of X .

Proof. We first prove that 1y is an injection. Suppose, z,y € X with z # y. Then
since X is Tychonoff, there is a continuous f : X — [0, 1] so that f(x) # f(y). Wi

factor this through SX to obtain fiBx — [0,1] with f = Fnx. We 1mmed1ately
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see that nx(x) # nx(y) as otherwise f(z) = f(y). Thus, nx is an injection.

We now prove that nx is an embedding. Suppose there is some net o in X with
nx (o) = nx(z) for some x € X. We aim to show o — z. Suppose not. We may
identify and open neighborhood of X and a cofinal subset / C dom(«) so that
a(l)NU = (. It follows that = ¢ cl(«(I)). There is thus a continuous function
f:X —[0,1] so that f(z) = 1 and f(a(l)) = {0}. We factor this through 5X to
obtain f : X — [0,1] with f = fnx. Since nx(a) — nx(z) and I C dom(a) is
cofinal, we have that nx(«)|; — nx(z). But then fnx(a) |; — 1 where this net takes
constant value zero. This is impossible, so &« — x. Therefore, nx has continuous
inverse out of its image.

We lastly prove that 7x(X) is dense in SX. Suppose to contradiction that there
is some z € fX with z ¢ cl(nx(X)). Since fX is compact and Hausdorff, it is nor-
mal by Proposition[C.1.7} We may thus find a continuous function g : X — [0, 1]
so that g(z) = 1 and g(cl(nx (X)) = 0. For each r € (0, 1], we have that rg is con-
tinuous. Let f : X — [0, 1] be the constant map with value 0. Note that for any
r € (0,1) that

1]

X d » 0,1
BX

commutes. This contradicts the fact that f factors through 8.X uniquely. Therefore,
nx(X) is dense in 5X. QED

Proposition C.2.11. Any subspace of a compact Hausdorff space is Tychonoff.

Proof. Let X be a compact Hausdorff space with subspace Y. Letz € Y and S C
Y ~ {z} closed. We then have some closed subset C' of X so that S = Y N C.
Necessarily, © ¢ C. Since X is compact Hausdorff, X is normal and {z} is closed.
By Urysohn’s lemma, we may find a continuous f : X — [0, 1] so that f(z) = 1 and
f(C) = {0}. The restriction f|y witnesses that Y is Tychonoff. QED

C.3 A Tietze-like Extension Result

Lemma C.3.1. If X is a Tychonoff space and K,C C X are disjoint and compact and
closed respectively, then there exists a continuous function f : X — [0, 1] so that f(K) =

{0} and £(C) = {1}.

Proof. Since X is Tychonoff, we may find for each z € K a continuous function
fz : X = [0,1] so that f,(z) = 0 and f,(C) = {1}. For each z € X define an open
set U, = f,([0,1/2)). The collection {U, : = € X} is then an open cover of K. By
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compactness, we may find x4, ..., z,, € X so that
Kc| U,
1=1

Define continuous h : X — [0, 1] by

h(x) = min{ f,, (z), ..., fz, (x)}.

We have that h(z) < 3 for each z € K since the U,,, ...,U,, cover K. We then
compose h with some continuous r : [0,1] — [0, 1] so that (][0,1/2]) = {0} and
r(1) = 1. Thus, f = r o his a continuous function f : X — [0, 1] so that f(K) = {0}
and f(C) = {1}. QED

Theorem C.3.2. Suppose X is a Tychonoff space and K C X is compact. Any continuous
function f : K — R may be extended to X.

Proof. H This proof is incorrect. See annotation in hard copy or Math 5200 home-
work 5. We have that K is compact and f continuous. We therefore have that
|f| < M for some M > 0. We will proceed to recursively construct a sequence of
continuous functions g, : X — R so that for eachn € N,

(i) for each z € K, we have ‘f(x) — > o gk(:v)‘ <z,

oan—lp

(ii) for each z € X \ K we have |g,(7)| < =5

For the base case, let gy be the constant map at 0. Suppose that we have constructed
90, -, gn- Define closed subsets of K by

2" M
A= (f - gn>71 ( — 00, _W]

B—U—%ﬂlﬁg?w)

We note that A and B are compact as they are closed subsets of a compact space.
Using the preceding lemma, find

| M 2"M
Gner: X 2 = o o

so that g,41(z) = —245 for x € Aand g,41(z) = 224 for o € B. Itis then simple to
verify that (i) and (ii) hold.

12This proof method here is essentially the same as that used to prove the Tietze Extension The-
orem in [Arm83]. Here, the condition that K is compact, instead of merely closed, accounts for the
weakening of X from normal to Tychonoff.
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Lastly, define f:X >R by

fa) = gula).

Condition (ii) tells us that this series converges uniformly by the Weierstrass M-

test, and thus fis continuous. Condition (i) guarantees that f and ]? agree on
K. QED

Corollary C.3.3. Suppose X is a Tychonoff space with compact subsets K. Any continu-
ous function f : K — C may be extended to X.

Proof. One need merely extend the real and imaginary parts of f independently.
QED






Appendix D

Topological Vector Spaces

This appendix contains results on vector spaces and topological vector spaces sup-
porting definitions and results in Chapter ] This appendix mainly reproduces
material from [NB10].

D.1 Vector Space Preliminaries

Definition D.1.1. A subset A of a vector space V' is called convex when v + (1 —
Mw € Aforallv,w € Aand X € [0, 1].

Proposition D.1.2. Let V and W are vector spaces.

(a) If Ais a collection of convex subsets of V, then () A is convex.

(b) If a« € Kand A C V is convex, then oA is convex.

(c) If A, B C V are convex, then so is A + B.

(d) If f -V — W isalinear map and A C 'V is convex, then f(A) is convex.
Proof. We consider each sub-proposition in turn.

(a) Suppose A is a collection of convex subsets of V. Let v,w € (. Aand A € [0, 1].
Then for each A € A, we have Av + (1 — M)w € A so that \v + (1 — M)w € [ A.
Thus, [ A is convex.

(b) Suppose & € Kand A C V is convex. Let v,w € Aand XA € [0,1]. Then
Av+ (1 — Nw € Aso that

a(Av+ (1 = Nw) = ANaw) + (1 = N)(aw) € aA
so that a4 is convex.
(c) Let vy, w; € Aand vy, wy € B. Fix A € [0, 1]. We have that
AMop +v2) + (1= A)(wy +w2) = Ay + (L= Nwy + Adve+ (1 = Nw, € A+ B

from convexity of A + B.
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(d) Suppose f: V — W is alinear map and A C V is convex. Let z,y € f(A) and
A € [0, 1]. There are then v, w € A so that f(v) = x and f(w) = y. We then have

Az + (1 =Ny =Af(v) + (1 =N f(w)
=f(Av+(1—=Nw)
€ f(A)

since A is convex. We conclude that f(A) is convex.
QED

Definition D.1.3. Given a vector space V' and subset A of V, we define the convex
hull of A to be the smallest convex set containing A and denote this by co(A). That
is, if C denotes the collection of convex sets containing A4,

co(A) = ﬂC.

Equivalently, one may verify that
CO(A) = { Z)\zaz ’ ai,...,an € A and /\1, ceny )\n € RZO and Z)\Z = ].}
i=1 i=1

Proposition D.1.4. Let V' be a vector space.

1. If A C B, then co(A) C co(B).
2. If Ais a collection of subsets of V, then co <ﬂ A) C (Ngeqco(A).

Proof. Suppose A C B C V. Any convex subset of V' containing B contains A.
Thus, A C co(B). Since co(B) is convex, co(A) C co(B).

Suppose A is a collection of subsets of V. By analogous reasoning to the above,
we have (A C (4. 4 co(A) which is convex. The desired result follows. QED

Proposition D.1.5. If f : V' — W is a linear mapping of vector spaces and A C 'V, the
co(f(A)) = f(co(A)).

Proof. Since co(A) is convex, and linear maps preserve convexity, f(co(A)) is con-
vex and contains f(A). Thus, co(f(A)) C f(co(A)). On the other hand, if v €
f(co(A)), then there are a4, ...,a, € Aand A, ..., A\, € Rygsothat ) " \; = 1and
v=>" Af(a;). Thus, v € co(f(A)). We conclude that f(co(A)) C co(f(A)) and
f(co(A)) = co(f(A)) as desired. QED

Proposition D.1.6. If A and B are subsets of a vector space V', then co(A) + co(B) =
co(A + B).
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Proof. Since Aco(A) and co(B) are convex and contain A and B, we have that
co(A) + co(B) is convex and co(A) + co(B) 2 co(A + B).

For the other containment, a generic element of co(A + B) is

=1

where each a; € Aand b; € Band \; € [0,1] so that > | \; = 1. Then,
Z Nila; + b;) = Z Aia; + Z Aib; € co(A) + co(B)
i=1 i=1 i=1

as desired. QED

Proposition D.1.7. If U, V, W are vector spaces, B : U x V' — W is a bilinear map, and
M CUand N C W, then

co(B(M x N)) D Blco(M) x N).

Proof. Suppose w € B(co(M) x N). There is then some v € N and w4, ...,u, € M
and A, ..., A\, € Rygsothat) " A\, =1land

w = B(i)\iui,v>
i=1

=1

Thus, w € co(B(M x N)). QED

Definition D.1.8. If V' is a vector space, a subset A of V' is called balanced whenever,
AA C Aforall A € Kwith |A| < 1.

Proposition D.1.9. The convex hull of a balanced set is balanced.

Proof. Suppose A C V is balanced. Let v € co(A). Then v = > " | \a; for some
a1y .san € Aand A, .., N\, € Rygsothat > A\ = 1. Let A € Kwith [\ < 1. We
then have that A\a; € A foreachi =1, ...,n. Thus,

AU = Z Ai(Aa;) € co(A)
i=1
so that co(A) is balanced. QED

Definition D.1.10. If V is a vector space, a subset A of V' is called absolutely convex
whenever A is both convex and balanced.
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Definition D.1.11. Given a vector space V and subset A of V, we define the absolute
convex hull of A to be the smallest absolutely convex set containing A and denote
this by I'(A). This may be explicitly given as

T(A) = {inai a1,y € Aand Ar, .o Ay € Kand Y ] < 1}.
i=1 =1

Definition D.1.12. A subset A of a vector space V is called absorbent when for
every v € V there is R > 0 so that whenever A € K with |\| > R we have v € \A.
Equivalently, there is S > 0 so that what || < .S we have \v € A.

Definition D.1.13. If V' is a vector space, a functional f : V' — R is called sublinear
when for all v,w € V and A € R

1. f(A) = Af(v);
2. flo+w) < f(v) + flw).

Definition D.1.14. If V' is a vector space, a map p : V — R is called a seminorm
when forall v,w € Vand A € K

L p(v) =2 0;
2. p(hv) = [Alp(v);
3. p(v+w) < p(v) + p(w).
Notation D.1.15. If V' is a vector space, we denote the dual of V by L(V).

Definition D.1.16. If V is a vector space and A C V, define A* = {¢p € L(V) :
©(A) = {0}}. Similarly, if M C L(V), define M+ = {v € V : p(v) = 0forall p €
M}.

D.2 Topological Vector Spaces

Definition D.2.1. A topological vector space or TVS is a vector space V over K equipped
with a topology so that scalar multiplication - : K x V' — V and vector addition
+:V x V — V are continuous.

Proposition D.2.2. If V isa TVS and U is a neighborhood of 0, then U is absorbent.

Proof. Letv € V. Consider R, with the reverse of the usual order. Let
D ={(r,\):r € Rypand A € Kwith |\| =}

ordered by the first coordinate. Let 6 : D — K by d(r, \) = A. Certainly § — 0 in
K. We thus have that 6v — 0in V. Thus, dv €, U. This means exactly that there is
r > 0 so that whenever |\| < r we have \v € U. So U is absorbent. QED
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Definition D.2.3. If V' is a vector space and A C V, define py : V' — [0, 0], the
Minkowski functional induced by A, by

pa(v) =inf{r > 0:v € rA}.
with the convention that inf ) = oo.

Proposition D.2.4. If V isa TVS and A C V is an absolutely convex neighborhood of 0,
then ps : V — R is a seminorm.

Proof. Since A is a neighborhood of 0, we know that A is absorbent. Thus, p4 takes
only real values.

Suppose v € V and A € K. If A = 0, then certainly p4(Av) = 0. Else, suppose
|Alpa(v) < t. We then have that |ps(v)| < t/|A|. Thus, we have v € t/|\|A and
|AMjv € tA. There is some scalar z with |z| = 1 so that |A\|]z = A\. We then obtain
Av € tA since A is balanced. Thus, p4(Av) < |A|pa(v). Next, suppose t > 0 is such
that A\v € tA. We then have thatv € t/\A = t/|\|A. We then have that p4(v) < t/|)|
so that [A|pa(v) < t. Therefore, |A|pa(v) < p(Av) as desired for p,4 to be a seminorm.

Next, suppose v, w € V. For every € > 0 we may find A\, x > 0 so that A < p4(v) + €
and v € M and p < pa(w) + € and w € pA. We have that

A %
A+ ACA
A Ap T

by convexity of A. Thus,
A+ pA C (A + p)A.
We obtain w + v € (A + p)A. Therefore
pa(v+w) < pa(v) + pa(w) + 2e.

This holds for all €, so pa(v + w) < pa(v) + pa(w).

We have now shown that p, is a seminorm. QED

Remark D.2.5. If we relax the hypotheses to A being merely a convex neighborhood
of 0, the only change is that p, is a non-negative sublinear functional.

Lemma D.2.6. If f : V' — R is a sublinear functional on a TVS V, then f is continuous
if it is continuous at 0.

Proof. Suppose f is continuous at 0. Letv € Vanda : A — V be anetin V
converging to v. We have that « — v — 0 and since f is continuous at 0, we have
f(aoe—v) = 0. Foranya € A,

flaa) = f(v) = flaa —v+v) = f(v)

Jlag
flag —v)

IN
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and
f(U>—f<Oéa>:f(U—Oéa—i—Oéa)—f(Oéa)
< f(’U - Oéa)
= flag —v)
so that [f(v) — f(a.)| < f(ag — v). Since f(a, —v) — 0, we have f(a) — f(v).
Therefore, f is continuous on V. QED

Proposition D.2.7. If V is a TVS and A C V is a convex neighborhood of 0, then p, :
V' — R is continuous.

Proof. We have that p4 does not take oo as a value since A is absorbent. Since p4 is
sublinear, to show py4 is continuous we need only show it is continuous at 0. Let
a be a net in V with o« — 0. Fix ¢ > 0. We have that ¢/2A is open. Therefore,
a €y €/2A. If v € €/2A, then we have that pa(v) < €/2. Therefore, pa(a) Eey
(—€, €). Thus, ps(a) — 0and p4 is continuous at 0 and which means it is continuous
everywhere. QED

D.3 Locally Convex Spaces

Definition D.3.1. A TVS is called locally convex when 0 has a neighborhood basis
of convex sets.

Proposition D.3.2. If V is a locally convex topological vector space then there is a basis
of neighborhoods containing 0 consisting entirely of absolutely convex sets.

Proof. Let U be a neighborhood of 0. Without loss of generality, we may assume
U is convex. Let m : K x V' — V be scalar multiplication. Since V' is a TVS, we
have that m is continuous and m~*(U) is open. We thus have some open D > 0 in
Kand A > 0inV so that D x A C m~'(U). Without loss of generality, we may take
D = 0D for some 6§ < 1. We then note that

mEDx A)= | eA

0<[e[<[8]

so that m(dD x A) is open. Further, it is then clear that m (0D x A) is balanced. Lastly,
we have that co(m(dDx A)) C U since U is convex. As the convex hull of a balanced
set is balanced, we have that U contains a convex and balanced neighborhood of
0. It follows that there is a basis of neighborhoods containing 0 consisting entirely
of absolutely convex sets. QED

Proposition D.3.3. Suppose V is a locally convex TVS and f : V — K is a linear
functional. There is a continuous seminorm p : V. — R so that | f| < p if and only if f is
continuous.



D.4. The Hahn-Banach Theorem 177

Proof. Suppose such continuous seminorm p exists. Let a be a netin V' converging
to 0. We have by continuity that p(«) — 0 in R. It follows that |f(a)| — 0 in R and
thus that f(«a) — 0 in K. Therefore, f is continuous at 0 and therefore continuous
onallof V.

Conversely, suppose that f is continuous. Then |f| is the desired continuous semi-
norm. QED

Lemma D.3.4. If A and B are absolutely convex, then co(A U B) is absolutely convex.

Proof. This is certainly convex. Now, let A € K with [A\] < 1. If v € co(A U B),
then v = vya + (1 — )b for some v € [0,1] and a € A and b € B since A and B
are absolutely convex. We than have that Av = y(Xa) + (1 — 7)(Ab). Since A and
B are absolutely convex, this is within co(A U B). Thus, co(A U B) is absolutely
convex. QED

Proposition D.3.5. If V is a locally convex TV'S and M a subspace of V, then any con-
tinuous seminorm p : M — R may be extended to V.

Proof. Let U = {m € M : p(m) < 1} which is open in M and absolutely convex.
Since M has the subspace topology, there is open W” C V so that U = W" N M. We
have that W"” contains 0, so there exists a neighborhood W' of 0 which is absolutely
convex and contained in W”. We then have that U O M NW'. Let W = co(UUW").
We see that U C M N W by its definition.

Now, suppose v € M N W. Since U and W' are individually absolutely convex,
we have some A € [0,1] and v € U and v’ € W so that v = Au+ (1 — A)w'. Thus,
(1 = MNw' =v— Au € M. It then follows that A = 1 or w’ € U. In both cases, v € U.
Therefore, U = M N'W

Since U and W' are absolutely convex, we have that I is absolutely convex. This
is absolutely convex neighborhood of 0 and is thus absorbent. We then consider
the Minkowski functional py : V' — R by pw(v) = inf{r > 0 : v € fA} which
is a continuous seminorm. We need only show that py |,y = p. We see that since
U=MnW thatitm € M,

pw(m)=inf{r >0:merU} =inf{r >0:p(m) <r}=p(m)

as desired. QED

D.4 The Hahn-Banach Theorem

Lemma D.4.1 (One Dimensional Extension). Suppose V' is a vector space over R with
subspace M. If there exists v € V ~\ M and a functional f : M — R and a sublinear

functzonal p:V — R so that f < p on M, then there exists an extension functional f of
fwzthf M@Rv—ﬂ@andf <pon M & Ru.
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Proof. For each § € R, define fs: M®Rv = R by Fs(m +rv) = f(m) + ré for all
m € M and r € R. Each is clearly linear and an extension of f. We claim there is

some ¢ € R making f:; <p.

Consider that for any z,y € M, we have

f(@)+ fly) = flz+y)
p(z +y)
plr —v+y+v)
p(z —v) +py +v)

I IA

IN

From this, we have that for any z,y € M

flx) = plz —v) <ply+v) — f(y).

We then have that for any y € M,

sup f(z) — p(r —v) < ply +v) — f(y)

xeM
and thus
Suﬂgf( z) —p(r —v) < mf f ply +v) = f(y)
S
We then choose ¢ so that

sup f(z) —p(z —v) <0 < inf p(y +v) = f(y)
zeM ye

If r > 0 and m € M, we then have that
rd < p(m+rv) — f(m)

so that f(m+rv) < p(m+rv). Ifr = 0 then f(m-+rv) < p(m+rv) since f(m) < p(m).
If r <0, then

—rd > f(m) — p(m + rv)

so that f(m +rv) < p(m + rv). We conclude that f < p as desired. QED

Theorem D.4.2 (Hahn-Banach, Real Case). Let V' be a vector space over R with sub-
space M. If f : M — R is some functional and p : V' — R is some sublinear functional so

that f < p, then there exists a linear functional f: V' — R extending f such that fg P.
Proof. Define

P={p:A->R|MCACV A Aasubspace A ¢linear A ¢l =f N ¢ <p}
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Given ¢, € P, say that ¢ < ¢ when the domain of ¢ is a subset of the domain
of 1 and ) restricts to . This makes P into a poset. Suppose C C P is a chain.
Let €2 be the union of the domains of elements of C. This is a subspace of V' since
it is a union of nested subspaces. Define w : 2 — R by w(z) = ¢(z) where ¢ is
any element of C whose domain contains =. This is well defined and linear since
successive elements of C are linear and extend each other. By the same reasoning,

w < p. By Zorn’s lemma, P has a maximal element. Call it f: A=-R IFAAYV,

then by the one dimensional extension lemma, fis not maximal. So A =V andf
is the desired extension of f. QED

Lemma D.4.3. If V is a vector space over C and f a functional on V with real part f,,
then forallv e V,

f(v) = fi(v) —ifi(iv).

Proof. Let f, denote the imaginary part of f. For any v € V, we have that f(v) =
fi(v) +ifz(v). Thus,

f(iv) = fi(iv) +ifa(iv)

and since f is C-linear,

fw) = foliv) —ifi(iv).

By the uniqueness of real and imaginary parts, fo(v) = —fi(iv) forallv € V. The
result follows. QED

Corollary D.4.4 (Hahn-Banach, Complex Case). Let V' be a vector space over C with
subspace M. If f : M — C is some functional and p : V' — R is some seminorm so that

|f| < p, then there exists a linear functional f.v=sc extending f such that |ﬂ < p.

Proof. Let f; denote the real part of f. Since |f| < p, we have that f; < p. We
view V as a real vector space and use the real version of Hahn-Banach to obtain an

R-linear extension f; of fi to V. We then set f(m) = ﬁ(I) — ify(iz) for each z € V.
By the preceding lemma, this does restrict to f on M. One may then verify that f is

C-linear. It is then left to verify that 7] < p. Choose v € V. Let a € C with |a] = 1
so that a.f(v) € R. We obtain

~ ~

|f(0)] = [af(v)|
= | f(av)]
= |fi(av)|
< plaw)
= |alp(v)
= p(v)

as desired. QED
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Corollary D.4.5. If V is a locally convex TVS and M is a subspace of V,and f : M — K
is a continuous functional, then f has a continuous extension f to V.

Proof. Since f is continuous on a subspace of V, we have a continuous seminorm
p:V — Rso that |f| < p. By Hahn-Banach, we extend f to a linear f V — Kso
that | f | < p. We thus have that [ is continuous. QED

Notation D.4.6. If V' is a vector space and p : V' — R is a sublinear functional, let
V,={veV:ipw) <1}

Lemma D.4.7. If V' is a vector space with sublinear functional p
1. V, is convex;
2. Ifr>0thenrV,={v eV :pv) <r};
3. IfueVthenw+V,={veV:plv—-w)<l}

Proposition D.4.8. If V is vector space over R and f is a non-trivial linear functional
and p : V' — R is a non-negative sublinear functional, then

1. f<pifand only if f~({1}) N V;, # 0;
2. If Viisa TVS, pis continuous, and f < p then f is continuous.

Proof. (1) is a straightforward double inclusion and (2) is not significantly different
from the case wherein p is a seminorm; one need only check that |f| < p. QED

Proposition D.4.9. If V is a TVS and p is a sublinear functional of V, then
1. p(v) —p(w) < p(v —w) forall v,w € V;
2. If p is non-negative, then p is continuous iff V), is open;

3. If U is an open convex neighborhood of 0, then the Minkowski functional py is a
non-negative, continuous, sublinear functional and U =V, ;

4. The open convex subsets of V' are precisely those of the form v + V, forv € V and p
a non-negative, continuous, sublinear functional.

Proof. (1) This follows from

p(v) = p(v —w+w) < p(v — w) + p(w).

(2) This follows from the fact that V,, is open iff p is continuous at 0. Note that for
any € > 0 we have p~!(—¢, €) = €V, since p is non-negative.

(3) Non-negativity is clear. That py is sublinear follows the fact that U is a convex
balanced open neighborhood of 0. Suppose v € V,,,. We then have that py(v) < 1.
It follows that for some 0 < A < 1 we have v € \U C U. Thus, v € U. Now,
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suppose that v € U. Let § : N — Kby §,, = 1 + 1/n. By continuity of scalar mul-
tiplication, év — v. We have that 0v €., U. Thus, thereis 1 < ¢ so that tv € U.
We then have that v € (1/t)U with 1/t < 1. Therefore, py(v) < 1 and v € V},,. We
conclude that U = V,,,. Since U is open, we have that py is continuous.

(4) Just translate convex open sets to 0 and apply part (3) and translate back. QED

Definition D.4.10. If V is a vector space, H C V is called a hyperplane when there
exists a non-trivial functional f : V' — Kand scalar A e Kand H = {v € V : f(v) =
A}]. Such a hyperplane is denoted by [f = A].

Remark D.4.11. A hyperplane if closed if and only if its defining function is contin-
uous.

Theorem D.4.12 (Hahn-Banach Geometric Form, Real Case). Let V be a real TVS
with M C 'V a subspace. If U C V is open and convex and M N U = (), then there is a
closed hyperplane H O M so that H N U = ().

Proof. Since G is open and convex, we find z € V and non-negative sublinear
p:V — Rsothat U = z + V,. We notice that now we have [z + V,| N M = 0.

Define f : M & Rz — R by f(m + az) = —a for some and m € M and a € R.
We claim that f < p on M @ Rz. Suppose otherwise, that is there is some a € R
and m € M so that p(m + az) < —a. Since p is non-negative, it must be that —a is
positive. We thus have that p(m — z) < 1. But then m € z + V,, which is impossible.
We conclude that f < p. We may then extend f to V' so that the extension f <pIt
follows that f: V' — R is continuous.

Letting H = kerfwe have M C H as desired. Further, H is closed since fis
continuous. It is left to show that 7 N U # 0. Suppose v € H. We then have

sothatz ¢ 2+ V, =U. QED

Corollary D.4.13. If V isa TVS and U C V is convex, open and M C V is a subspace,
then there exists a continuous linear functional g : V. — K so that g(M) = {0} and

0¢g(U).

Proof. Viewing V as a real vector space, create f:V = Rasabove. If K = R,
set ¢ = f and we are done. Otherwise, we then define g : V" — C by g(v) =

-~

f(v) —if(iv). We claim that ¢ is continuous. We know it is linear, so it is enough to
show continuity at 0. Consider a net « — 0 in V. By continuity of f, addition, and

~

scalar multiplication, g(a) ~ f(a) —if(ice) = 0. Thus, g is the desired continuous
functional. QED
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Proposition D.4.14. If V is a locally convex TVS and A C V' is a subspace, then
(AH)*: = A

Proof. We first will prove that A C (A*)*. If a € A, there is a net @ — a entirely
within A. Then, if p € A+, we have that ¢(a) = 0 the constant 0 net. Thus, ¢(a) = 0
since ¢ is continuous.

Next, we will show that (AH)t C A Letx € (AY)*. Suppose to contradiction
that v ¢ A. We may find an open convex neighborhood U of x with U N A=0.

We may then find a continuous linear functional g : V' — K so that g(A) = {0} and
0 ¢ g(U). We are done since g € A and g(z) # 0 is a contradiction. QED
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